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1. Setting up an optimization problem



Optimization for machine learning

Learning as optimization
The supervised learning setup

Recall the general supervised learning seeks to solve

min
f2H

r(f) = E(x,y)⇠D[`(f(x), y)],
<latexit sha1_base64="SODULdGUoR7domX7tqhCAMc8xUg="></latexit>

where H ⇢ F = {f : X ! Y} denotes a hypothesis space, an infinite-dimensional space of potential predictor functions
<latexit sha1_base64="+7n6b3Y14gKxz9E3CXNwlIFjxMY="></latexit>

an infinite-dimensional space of potential predictor functions.
<latexit sha1_base64="2MjpTd3evNTpYmgmxh7AEp7+z2A="></latexit>

Excess risk decomposition

Approximation error

r(f)� inf
g2F

r(g)  r(f)�R(f)
<latexit sha1_base64="b4tBPHauAWsV6bcEvZfmpBfrhc4=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VoFy1JVXRZFMRlFfuAppTJdNIOnUzizEQoIV/ixl9x40IRwZX+jZM2C229MMzhnHO59x43ZFQqy/o2ckvLK6tr+fXCxubW9o65u9eSQSQwaeKABaLjIkkY5aSpqGKkEwqCfJeRtju+TPX2AxGSBvxOTULS89GQU49ipDTVN09FyStXHMo92I+HUAPo+EiNMGLxVZJAURqWocPIPUyNsAJv069vFq2qNS24COwMFEFWjb756QwCHPmEK8yQlF3bClUvRkJRzEhScCJJQoTHaEi6GnLkE9mLp+cl8EgzA+gFQj+u4JT93REjX8qJ72pnurqc11LyP60bKe+8F1MeRopwPBvkRQyqAKZZwQEVBCs20QBhQfWuEI+QQFjpRAs6BHv+5EXQqlXt42rt5qRYv8jiyIMDcAhKwAZnoA6uQQM0AQaP4Bm8gjfjyXgx3o2PmTVnZD374E8ZXz8vTJ9c</latexit>

+ R(f)�R(f̃?)
<latexit sha1_base64="wybOFS27pTN0+SWtXrn5h+D09U8=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvQIpaZKii4KbpxWcU+oFNLJs20oZkHyR2hDN258VfcuFDErb/gzr8xbWehrQcu93DOvST3uJHgCizr28gsLC4tr2RXc2vrG5tb5vZOXYWxpKxGQxHKpksUEzxgNeAgWDOSjPiuYA13cDX2Gw9MKh4GdzCMWNsnvYB7nBLQUsfcP3Iu8G3BK+Jj3RzgossSb3TvKCCyiDtm3ipZE+B5Yqckj1JUO+aX0w1p7LMAqCBKtWwrgnZCJHAq2CjnxIpFhA5Ij7U0DYjPVDuZ3DHCh1rpYi+UugLAE/X3RkJ8pYa+qyd9An01643F/7xWDN55O+FBFAML6PQhLxYYQjwOBXe5ZBTEUBNCJdd/xbRPJKGgo8vpEOzZk+dJvVyyT0rlm9N85TKNI4v20AEqIBudoQq6RlVUQxQ9omf0it6MJ+PFeDc+pqMZI93ZRX9gfP4AhRKXNg==</latexit>

+ r(f?)� inf
g2F

r(g)
<latexit sha1_base64="ld0Zen+y7d4E71qBoHE82HWuCmU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoEWtSBQU3RUFcVrAPaGKYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+Ok7UJbLwxzOOdc7r3HjxmVyrK+jdzS8srqWn69sLG5tb1j7u41ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPbjK99USEpBF/UMOYuCHqcRpQjJSmPPP0GDpXUJSCR0cqJMrwBDqUB17ay37ohEj1MWLp7WikXb2yZxatijUpuAjsGSiCWdU9c+x0I5yEhCvMkJQd24qVmyKhKGZkVHASSWKEB6hHOhpyFBLpppPDRvBIM10YREI/ruCE/d2RolDKYehrZ7aonNcy8j+tk6jg0k0pjxNFOJ4OChIGVQSzlGCXCoIVG2qAsKB6V4j7SCCsdJYFHYI9f/IiaFYr9lmlen9erF3P4siDA3AISsAGF6AG7kAdNAAGz+AVvIMP48V4Mz6Nr6k1Z8x69sGfMsY/SeCeGQ==</latexit>

Statistical learning

Optimization

where f̃? = argmin
h2H

R(h), and f? = argmin
h2H

r(h).
<latexit sha1_base64="QneVWaLNyXEKLVMcUOrQdC1k738="></latexit>

Concentration theory provides powerful tools for the derivation of 
statistical learning bounds  see lessons 1 to 3.→

+ R(f?)� r(f?)
<latexit sha1_base64="KdxdTucBEtzsYBQFPo0gTU0UWNY=">AAACBXicbVDLSgMxFL1TX7W+Rl3qIliEilhmqqDgpujGZRX7gE4tmTTThmYeJBmhDN248VfcuFDErf/gzr8xbQfR1gMXTs65l9x73IgzqSzry8jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/uXIr99TIVkY3KpBRFs+7gbMYwQrLbXN3UPknKObgnfnSIXFATpC4ufRNvNW0RoDzRI7JXlIUWmbn04nJLFPA0U4lrJpW5FqJVgoRjgd5pxY0giTPu7SpqYB9qlsJeMrhmhfKx3khUJXoNBY/T2RYF/Kge/qTh+rnpz2RuJ/XjNW3lkrYUEUKxqQyUdezJEK0SgS1GGCEsUHmmAimN4VkR4WmCgdXE6HYE+fPEtqpaJ9XCxdn+TLF2kcWdiBPSiADadQhiuoQBUIPMATvMCr8Wg8G2/G+6Q1Y6Qz2/AHxsc37UGWUA==</latexit>

Direct minimization of r is very hard. 

In practice, we rather decompose the risk as 

Statistical learning
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g2F
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Statistical learning

Optimization

where f̃? = argmin
h2H

R(h), and f? = argmin
h2H

r(h).
<latexit sha1_base64="QneVWaLNyXEKLVMcUOrQdC1k738="></latexit>

Concentration theory provides powerful tools for the derivation of 
statistical learning bounds  see lessons 1 to 3.→

The choice of the hypothesis space can significantly reduce the 
approximation error (linear models, kernel methods, etc…)  see 
lessons 4 to 6.

→

From now on we will focus on the practical minimization of the 
empirical risk. We are entering the real of Optimization ✨ 

+ R(f?)� r(f?)
<latexit sha1_base64="KdxdTucBEtzsYBQFPo0gTU0UWNY=">AAACBXicbVDLSgMxFL1TX7W+Rl3qIliEilhmqqDgpujGZRX7gE4tmTTThmYeJBmhDN248VfcuFDErf/gzr8xbQfR1gMXTs65l9x73IgzqSzry8jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/uXIr99TIVkY3KpBRFs+7gbMYwQrLbXN3UPknKObgnfnSIXFATpC4ufRNvNW0RoDzRI7JXlIUWmbn04nJLFPA0U4lrJpW5FqJVgoRjgd5pxY0giTPu7SpqYB9qlsJeMrhmhfKx3khUJXoNBY/T2RYF/Kge/qTh+rnpz2RuJ/XjNW3lkrYUEUKxqQyUdezJEK0SgS1GGCEsUHmmAimN4VkR4WmCgdXE6HYE+fPEtqpaJ9XCxdn+TLF2kcWdiBPSiADadQhiuoQBUIPMATvMCr8Wg8G2/G+6Q1Y6Qz2/AHxsc37UGWUA==</latexit>

Direct minimization of r is very hard. 

In practice, we rather decompose the risk as 

Statistical learning

Formalising an optimization problem

An optimization problem is a mathematical problem of the form

min
x2X

f(x)
<latexit sha1_base64="LpcgIXTIRz5saAUzE6lRXQMjr14="></latexit>

where X ⇢ Rd is a given set, and f : Rd ! R is a function.
<latexit sha1_base64="lxT5CFUMOj3bdp1VVB8Ofjs4GT0="></latexit>

f is often called the objective function.
<latexit sha1_base64="TZD4INLm1NFCLflvKb0ZKCzv8iM="></latexit>

X is often called the constraint set.
<latexit sha1_base64="/zFvZjEQJeUZrfN3+LDsilrszVQ="></latexit>

Definition : Optimization Problem

Remarks :

X has finite or infinite dimension, is convex, polyhedral, etc . . .
<latexit sha1_base64="hpqbZsp0s8jW0IyX8UAHcO0Q/Qg="></latexit>

f enjoys some regularity properties such as smoothness, convexity, lispchitzness, etc . . .
<latexit sha1_base64="fFJP7O6i3bcJUNKUsOCcu6NgXno="></latexit>

convexity, lispchitzness, etc . . .
<latexit sha1_base64="XbYBXkCHTmaXgFExLrsnfuYi87k=">AAACFHicbVA9SwNBFNyLXzF+RS1tFoMgGMKdClqKNpYRjAkkR9jbvEuW7O0du+/EeORH2PhXbCwUsbWw89+4iSk0cWBhmHnD2zdBIoVB1/1ycnPzC4tL+eXCyura+kZxc+vGxKnmUOOxjHUjYAakUFBDgRIaiQYWBRLqQf9i5NdvQRsRq2scJOBHrKtEKDhDK7WLBy2EO8woj9Ut3AkclKndmvCewHsFxpQpIKetToxm2C6W3Io7Bp0l3oSUyATVdvHTBnkagUIumTFNz03Qz5hGwSUMC63UQMJ4n3WhaaliERg/Gx81pHtW6dAw1vYppGP1dyJjkTGDKLCTEcOemfZG4n9eM8Xw1M+ESlIExX8WhamkGNNRQ7QjNHCUA0sY18L+lfIe04yj7bFgS/CmT54lN4cV76hyeHVcOjuf1JEnO2SX7BOPnJAzckmqpEY4eSBP5IW8Oo/Os/PmvP+M5pxJZpv8gfPxDYfAnxw=</latexit>

one has access to exact oracles, approximate oracles, stochastic oracles, . . .
<latexit sha1_base64="rs07kDQSBc9K/MfyIltZezC5T0o="></latexit>

stochastic oracles, . . .
<latexit sha1_base64="xgV9H+AIAoiUrdr/ndiBO7XffyM=">AAACCnicbZC7SgNBFIZn4y3GW9TSZjQIFhJ2o6Bl0MYygrlAEsLs5CQZMruzzJwVw5LaxlexsVDE1iew822cTVJo4g8DP/+5DOfzIykMuu63k1laXlldy67nNja3tnfyu3s1o2LNocqVVLrhMwNShFBFgRIakQYW+BLq/vA6rdfvQRuhwjscRdAOWD8UPcEZ2qiTP2whPGBiUPEBMyg4VZpxCeaU0lZXoRl38gW36E5EF403MwUyU6WT/7KDPA4gRC6ZMU3PjbCdMG23SxjnWrGBiPEh60PT2pAFYNrJ5JQxPbZJl/aUti9EOkl/TyQsMGYU+LYzYDgw87U0/K/WjLF32U5EGMUIIZ9+1IslRUVTLrQrNHCUI2sY1yIlYYlYFmjp5SwEb/7kRVMrFb2zYun2vFC+muHIkgNyRE6IRy5ImdyQCqkSTh7JM3klb86T8+K8Ox/T1owzm9knf+R8/gCbnJrS</latexit>

Assumptions on f and X are critical in the definition of (P), as they strongly a↵ect
<latexit sha1_base64="ZwDVAAazVlmga4LQ753HUHk5I98="></latexit>

the type of methods required to solve it. In particular, look wheter
<latexit sha1_base64="Q7Cn44vmPajRuaB4JutdTnK9z68="></latexit>



Back to basics

Global minimas, local minimas and critical points 

Definition : global and local minimas

f(x?)  f(x), 8x 2 X .
<latexit sha1_base64="sOahfF2DjDTneh7AKvUQNUrhOQ8=">AAACIHicbVDLSgMxFM34rPVVdekmWIQWpMxUoS6LblxWsA/o1HInzbShmcw0yUjL0E9x46+4caGI7vRrTB8LbT0QODn3Xu65x4s4U9q2v6yV1bX1jc3UVnp7Z3dvP3NwWFNhLAmtkpCHsuGBopwJWtVMc9qIJIXA47Tu9a8n9foDlYqF4k6PItoKoCuYzwhoI7UzJT83vHeVBpnHLqcDbP75M+wOYuhg1w8lcI6H2GUCuwHoHgGeNMYF3M5k7YI9BV4mzpxk0RyVdubT7YQkDqjQhINSTceOdCsBqRnhdJx2Y0UjIH3o0qahAgKqWsn0wDE+NUoHGzfmCY2n6u+JBAKlRoFnOicm1WJtIv5Xa8bav2wlTESxpoLMFvkxxzrEk7Rwh0lKNB8ZAkQy4xWTHkgg2mSaNiE4iycvk1qx4JwXircX2fLVPI4UOkYnKIccVEJldIMqqIoIekTP6BW9WU/Wi/VufcxaV6z5zBH6A+v7BxSvobM=</latexit>

f(x?)  f(x), 8x 2 W \ X .
<latexit sha1_base64="ubvRU7GykE9W6hlFrTB2QggEhvg="></latexit>

neighborhood W of x? such that
<latexit sha1_base64="dW7rDM0ILtHv8xLvm0AwT4rwXCw="></latexit>

Remarks :

Global minima are local minima but the reverse is false!

Fermat’s condition

Theorem : Fermat’s condition

Assume X = Rd, and f is di↵erentiable.
<latexit sha1_base64="nc+TMhfnqcIeMr32/TSufXvce+E="></latexit>

Points x satisfying rf(x) = 0 are called critical points.
<latexit sha1_base64="19BQdU9aYtFEbqVrEF6anRq1rLo="></latexit>

A point x? 2 Rd is called a global minimum for P, if
<latexit sha1_base64="lGUiIkFYS1cWONJw3TnCctZdz+s="></latexit>

A point x? 2 Rd is called a local minimum for P, if there exists
<latexit sha1_base64="uye0UPrftNCGm0FSePAR0Hu60KQ="></latexit>

Then any local minimum x? of f satisfies rf(x?) = 0.
<latexit sha1_base64="0Q6pOOU+6hT03I0ZPWVXVDhOM3k="></latexit>
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f(x?)  f(x), 8x 2 W \ X .
<latexit sha1_base64="ubvRU7GykE9W6hlFrTB2QggEhvg="></latexit>

neighborhood W of x? such that
<latexit sha1_base64="dW7rDM0ILtHv8xLvm0AwT4rwXCw="></latexit>

Remarks :

Global minima are local minima but the reverse is false!

Fermat’s condition

Theorem : Fermat’s condition

Assume X = Rd, and f is di↵erentiable.
<latexit sha1_base64="nc+TMhfnqcIeMr32/TSufXvce+E="></latexit>

Points x satisfying rf(x) = 0 are called critical points.
<latexit sha1_base64="19BQdU9aYtFEbqVrEF6anRq1rLo="></latexit>

Remarks :

Thus we have the implications
<latexit sha1_base64="R/HdoVCuT3D5Zk3MKblZuxwdaGI=">AAACEHicbVC7TgJBFJ3FF+ILtbSZSIxWZBdNtCTaWGLCKwFCZocLO2H2kZm7KNnwCTb+io2Fxtha2vk3DrCFgieZ5OScc3PnHjeSQqNtf1uZldW19Y3sZm5re2d3L79/UNdhrDjUeChD1XSZBikCqKFACc1IAfNdCQ13eDP1GyNQWoRBFccRdHw2CERfcIZG6uZP2wgPmFS9WNN7oB4bAUUPqPDN9nlIUzqh3XzBLtoz0GXipKRAUlS6+a92L+SxDwFyybRuOXaEnYQpFFzCJNeONUSMD9kAWoYGzAfdSWYHTeiJUXq0HyrzAqQz9fdEwnytx75rkj5DTy96U/E/rxVj/6qTiCCKEQI+X9SPJcWQTtuhPaGAoxwbwrgS5q+Ue0wxjqbDnCnBWTx5mdRLRee8WLq7KJSv0zqy5IgckzPikEtSJrekQmqEk0fyTF7Jm/VkvVjv1sc8mrHSmUPyB9bnDyJYnJ8=</latexit>

Global Minima =) Local Minima =) Critical Point
<latexit sha1_base64="K6NB+uZgCNGzN/iRKHZYV1k24wk=">AAACOnicbZC7SkNBEIb3eDfeopY2i0GwCudEQcughRYKEYwJJCHs2UzM4l4Ou3PEcMhz2fgUdhY2ForY+gBuLoW3gYWf/5vZYf44kcJhGD4FU9Mzs3PzC4u5peWV1bX8+saVM6nlUOVGGluPmQMpNFRRoIR6YoGpWEItvjke8totWCeMvsR+Ai3FrrXoCs7QW+38RRPhDrMTaWIm6bnQQrEBbQrll4OjdIzPDP+PjuGxFSiGvGKExkE7XwiL4ajoXxFNRIFMqtLOPzY7hqcKNHLJnGtEYYKtjFn/q4RBrpk6SBi/YdfQ8FIzBa6VjU4f0B3vdGjXWP800pH7fSJjyrm+in2nYthzv9nQ/I81UuwetjKhkxRB8/GibiopGjrMkXaEBY6y7wXjowQo7zHLOPq0cz6E6PfJf8VVqRjtFUsX+4Xy0SSOBbJFtskuicgBKZNTUiFVwsk9eSav5C14CF6C9+Bj3DoVTGY2yY8KPr8APcKu6Q==</latexit>

All reverse implications are false!
<latexit sha1_base64="ER5LDlSgmJxNVdeDFSf80hIW7Mw=">AAACE3icbVC7SgNBFJ31GeMramkzGgSxCLtR0DJqYxnBPCBZwuzkbjJk9sHMXTEs+Qcbf8XGQhFbGzv/xtkkhSYeGDiccy537vFiKTTa9re1sLi0vLKaW8uvb2xubRd2dus6ShSHGo9kpJoe0yBFCDUUKKEZK2CBJ6HhDa4zv3EPSosovMNhDG7AeqHwBWdopE7hpI3wgOmllFRBFgQqArN44mvKFFCfSQ0Ho06haJfsMeg8caakSKaodgpf7W7EkwBC5JJp3XLsGN2UKRRcwijfTjTEjA9YD1qGhiwA7abjm0b0yChd6kfKvBDpWP09kbJA62HgmWTAsK9nvUz8z2sl6F+4qQjjBCHkk0V+IilGNCuIdoUCjnJoCONKmL9S3meKcTTt5E0JzuzJ86ReLjmnpfLtWbFyNa0jR/bJITkmDjknFXJDqqRGOHkkz+SVvFlP1ov1bn1MogvWdGaP/IH1+QNcTZ5x</latexit>

A point x? 2 Rd is called a global minimum for P, if
<latexit sha1_base64="lGUiIkFYS1cWONJw3TnCctZdz+s="></latexit>

A point x? 2 Rd is called a local minimum for P, if there exists
<latexit sha1_base64="uye0UPrftNCGm0FSePAR0Hu60KQ="></latexit>

Then any local minimum x? of f satisfies rf(x?) = 0.
<latexit sha1_base64="0Q6pOOU+6hT03I0ZPWVXVDhOM3k="></latexit>

As an illustration : 

Global minimum

Critical points

Local minimum



First benefits of convexity

Recalls on convexity
Definition : convex functions

A function f : Rd ! R is said to be convex if
<latexit sha1_base64="uBG3HNz6vBNM7IKc2t2ZMaFvHQQ="></latexit>

f(�x+ (1� �)y)  �f(x) + (1� �)f(y), 8x, y 2 Rd, 8� 2 [0, 1].
<latexit sha1_base64="BDvjOWzUgR6E1ycAmLuUlRUTafM="></latexit>

Remarks :
Intuitively

<latexit sha1_base64="mqCk8oklwH0oN/sgpJAuxDORHSE=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0mqoMeiF71VsB/QlrLZTtqlm03YnZSG0L/ixYMiXv0j3vw3bj8O2vpg4PHeDDPz/Fhwja77beU2Nre2d/K7hb39g8Mj+7jY0FGiGNRZJCLV8qkGwSXUkaOAVqyAhr6Apj+6m/nNMSjNI/mEaQzdkA4kDzijaKSeXewgTDB7kJhw5GMQ6bRnl9yyO4ezTrwlKZElaj37q9OPWBKCRCao1m3PjbGbUYWcCZgWOomGmLIRHUDbUElD0N1sfvvUOTdK3wkiZUqiM1d/T2Q01DoNfdMZUhzqVW8m/ue1EwxuuhmXcYIg2WJRkAgHI2cWhNPnChiK1BDKlHmeOWxIFWVo4iqYELzVl9dJo1L2LsuVx6tS9XYZR56ckjNyQTxyTarkntRInTAyIc/klbxZU+vFerc+Fq05azlzQv7A+vwBHPCVIg==</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

f convex , f(y) � f(x) +rf(x)>(y � x), 8x, y 2 Rd.
<latexit sha1_base64="xCbIVdyflwrG3fhewjJOb5znLIg="></latexit>

Remarks :
In other words, f is convex if and only if, the graph of f lies above its tangent lines.

<latexit sha1_base64="do8qStxocb3Lj3UzitgWiZFwIrA="></latexit>

In other words, f is convex if and only if, the graph of f lies above its tangent lines.
<latexit sha1_base64="do8qStxocb3Lj3UzitgWiZFwIrA="></latexit>

For f : Rd ! R di↵erentiable, we have
<latexit sha1_base64="T23xdMdlT6PnQ1Ct4k58WIQf+mY="></latexit>

Proposition : convexity for differentiable functions

We directly deduce that for di↵erentiable function, we have the equivalences
<latexit sha1_base64="vB+TW6X3DCFjfmarYJoWvGgcnzM="></latexit>

Global minima , Local minima , Critical point
<latexit sha1_base64="OvSJmK20gxCLcFHbtcqdrcd10eY="></latexit>



First benefits of convexity

Recalls on convexity
Definition : convex functions

A function f : Rd ! R is said to be convex if
<latexit sha1_base64="uBG3HNz6vBNM7IKc2t2ZMaFvHQQ="></latexit>

f(�x+ (1� �)y)  �f(x) + (1� �)f(y), 8x, y 2 Rd, 8� 2 [0, 1].
<latexit sha1_base64="BDvjOWzUgR6E1ycAmLuUlRUTafM="></latexit>

Remarks :
Intuitively

<latexit sha1_base64="mqCk8oklwH0oN/sgpJAuxDORHSE=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0mqoMeiF71VsB/QlrLZTtqlm03YnZSG0L/ixYMiXv0j3vw3bj8O2vpg4PHeDDPz/Fhwja77beU2Nre2d/K7hb39g8Mj+7jY0FGiGNRZJCLV8qkGwSXUkaOAVqyAhr6Apj+6m/nNMSjNI/mEaQzdkA4kDzijaKSeXewgTDB7kJhw5GMQ6bRnl9yyO4ezTrwlKZElaj37q9OPWBKCRCao1m3PjbGbUYWcCZgWOomGmLIRHUDbUElD0N1sfvvUOTdK3wkiZUqiM1d/T2Q01DoNfdMZUhzqVW8m/ue1EwxuuhmXcYIg2WJRkAgHI2cWhNPnChiK1BDKlHmeOWxIFWVo4iqYELzVl9dJo1L2LsuVx6tS9XYZR56ckjNyQTxyTarkntRInTAyIc/klbxZU+vFerc+Fq05azlzQv7A+vwBHPCVIg==</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

f convex , f(y) � f(x) +rf(x)>(y � x), 8x, y 2 Rd.
<latexit sha1_base64="xCbIVdyflwrG3fhewjJOb5znLIg="></latexit>

Remarks :
In other words, f is convex if and only if, the graph of f lies above its tangent lines.

<latexit sha1_base64="do8qStxocb3Lj3UzitgWiZFwIrA="></latexit>

In other words, f is convex if and only if, the graph of f lies above its tangent lines.
<latexit sha1_base64="do8qStxocb3Lj3UzitgWiZFwIrA="></latexit>

For f : Rd ! R di↵erentiable, we have
<latexit sha1_base64="T23xdMdlT6PnQ1Ct4k58WIQf+mY="></latexit>

Convex functions and supporting hyperplanes

Theorem : Convex functions through supporting hyperplanes

Any continuous and convex function f : R ! R, satisfies
<latexit sha1_base64="vuL80dNzovQteUulWt+LwW/6lig="></latexit>

f(x) = sup
' a�ne
'  f

'(x).

<latexit sha1_base64="InvKtB7rqidrdVTa1kxsgJPWLb4="></latexit>

Proof : on the blackboard.

Proposition : convexity for differentiable functions

Remarks :
Intuitively

<latexit sha1_base64="mqCk8oklwH0oN/sgpJAuxDORHSE=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0mqoMeiF71VsB/QlrLZTtqlm03YnZSG0L/ixYMiXv0j3vw3bj8O2vpg4PHeDDPz/Fhwja77beU2Nre2d/K7hb39g8Mj+7jY0FGiGNRZJCLV8qkGwSXUkaOAVqyAhr6Apj+6m/nNMSjNI/mEaQzdkA4kDzijaKSeXewgTDB7kJhw5GMQ6bRnl9yyO4ezTrwlKZElaj37q9OPWBKCRCao1m3PjbGbUYWcCZgWOomGmLIRHUDbUElD0N1sfvvUOTdK3wkiZUqiM1d/T2Q01DoNfdMZUhzqVW8m/ue1EwxuuhmXcYIg2WJRkAgHI2cWhNPnChiK1BDKlHmeOWxIFWVo4iqYELzVl9dJo1L2LsuVx6tS9XYZR56ckjNyQTxyTarkntRInTAyIc/klbxZU+vFerc+Fq05azlzQv7A+vwBHPCVIg==</latexit>

'1
<latexit sha1_base64="uV6ozX207/pMrLOLx2BiJumMYJQ=">AAACCnicbVC7TsMwFHXKq5RXgJElUCExVFFSQDBWsDAWiT6kJIoc12mtOk5kO5WqKDMLv8LCAEKsfAEbf4ObZoCWI9k6Oufe6+sTJJQIaVnfWmVldW19o7pZ29re2d3T9w+6Ik45wh0U05j3AygwJQx3JJEU9xOOYRRQ3AvGtzO/N8FckJg9yGmCvQgOGQkJglJJvn6cucUQhw8DL7PMy4bVUHfuTiBPRsS3c1+vW6ZVwFgmdknqoETb17/cQYzSCDOJKBTCsa1EehnkkiCK85qbCpxANIZD7CjKYISFlxVb5MapUgZGGHN1mDQK9XdHBiMhplGgKiMoR2LRm4n/eU4qw2svIyxJJWZo/lCYUkPGxiwXY0A4RpJOFYGIE7WrgUaQQyRVejUVgr345WXSbZr2udm8v6i3bso4quAInIAzYIMr0AJ3oA06AIFH8AxewZv2pL1o79rHvLSilT2H4A+0zx961Zl7</latexit>

'2
<latexit sha1_base64="sD4whXbT5FVEMoCQZWFo0fdWPDk=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVFFSQDBWsDAWiT6kJIoc12mtOg/ZTqUqyszCr7AwgBArX8DG3+CmGaDlSLaOzrn3+vr4CaNCmua3VllZXVvfqG7WtrZ3dvf0/YOuiFOOSQfHLOZ9HwnCaEQ6kkpG+gknKPQZ6fnj25nfmxAuaBw9yGlC3BANIxpQjKSSPP04c4ohNh/6bmYalw2zoe7cmSCejKjXzD29bhpmAbhMrJLUQYm2p385gxinIYkkZkgI2zIT6WaIS4oZyWtOKkiC8BgNia1ohEIi3KzYIoenShnAIObqRBIW6u+ODIVCTENfVYZIjsSiNxP/8+xUBtduRqMklSTC84eClEEZw1kucEA5wZJNFUGYU7UrxCPEEZYqvZoKwVr88jLpNg3r3GjeX9RbN2UcVXAETsAZsMAVaIE70AYdgMEjeAav4E170l60d+1jXlrRyp5D8Afa5w98Wpl8</latexit>

'3
<latexit sha1_base64="2H1o9mGufb3vfJzMds83PRe1xO8=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVFHSgmCsYGEsEm2RkihyXKe16jxkO5WqKDMLv8LCAEKsfAEbf4ObZoCWI9k6Oufe6+vjJ4wKaZrfWmVldW19o7pZ29re2d3T9w96Ik45Jl0cs5g/+EgQRiPSlVQy8pBwgkKfkb4/vpn5/QnhgsbRvZwmxA3RMKIBxUgqydOPM6cYYvOh72amcdEwG+rOnQniyYh6rdzT66ZhFoDLxCpJHZToePqXM4hxGpJIYoaEsC0zkW6GuKSYkbzmpIIkCI/RkNiKRigkws2KLXJ4qpQBDGKuTiRhof7uyFAoxDT0VWWI5EgsejPxP89OZXDlZjRKUkkiPH8oSBmUMZzlAgeUEyzZVBGEOVW7QjxCHGGp0qupEKzFLy+TXtOwWkbz7rzevi7jqIIjcALOgAUuQRvcgg7oAgwewTN4BW/ak/aivWsf89KKVvYcgj/QPn8Afd+ZfQ==</latexit>'4

<latexit sha1_base64="7ggvJ1RKGmZW69kAl2qFPwE6ayo=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVFFSimCsYGEsEm2RkihyXKe16jxkO5WqKDMLv8LCAEKsfAEbf4ObZoCWI9k6Oufe6+vjJ4wKaZrfWmVldW19o7pZ29re2d3T9w96Ik45Jl0cs5g/+EgQRiPSlVQy8pBwgkKfkb4/vpn5/QnhgsbRvZwmxA3RMKIBxUgqydOPM6cYYvOh72amcdEwG+rOnQniyYh6rdzT66ZhFoDLxCpJHZToePqXM4hxGpJIYoaEsC0zkW6GuKSYkbzmpIIkCI/RkNiKRigkws2KLXJ4qpQBDGKuTiRhof7uyFAoxDT0VWWI5EgsejPxP89OZXDlZjRKUkkiPH8oSBmUMZzlAgeUEyzZVBGEOVW7QjxCHGGp0qupEKzFLy+TXtOwzo3mXavevi7jqIIjcALOgAUuQRvcgg7oAgwewTN4BW/ak/aivWsf89KKVvYcgj/QPn8Af2SZfg==</latexit>

'5
<latexit sha1_base64="0F1chKLuJuD27IpzW1w4f+jUtLE=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVFFSqGCsYGEsEm2RkihyXKe16jxkO5WqKDMLv8LCAEKsfAEbf4ObZoCWI9k6Oufe6+vjJ4wKaZrfWmVldW19o7pZ29re2d3T9w96Ik45Jl0cs5g/+EgQRiPSlVQy8pBwgkKfkb4/vpn5/QnhgsbRvZwmxA3RMKIBxUgqydOPM6cYYvOh72am0WqYDXXnzgTxZES9Vu7pddMwC8BlYpWkDkp0PP3LGcQ4DUkkMUNC2JaZSDdDXFLMSF5zUkEShMdoSGxFIxQS4WbFFjk8VcoABjFXJ5KwUH93ZCgUYhr6qjJEciQWvZn4n2enMrhyMxolqSQRnj8UpAzKGM5ygQPKCZZsqgjCnKpdIR4hjrBU6dVUCNbil5dJr2lY50bz7qLevi7jqIIjcALOgAUuQRvcgg7oAgwewTN4BW/ak/aivWsf89KKVvYcgj/QPn8AgOmZfw==</latexit>

'6
<latexit sha1_base64="hhQ6m3rcHCnkLtqH6g+9ee5ShKI=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVFFSnmMFC2ORaIuURJHjOq1V5yHbqVRFmVn4FRYGEGLlC9j4G9w0A7QcydbROfdeXx8/YVRI0/zWKkvLK6tr1fXaxubW9o6+u9cVccox6eCYxfzBR4IwGpGOpJKRh4QTFPqM9PzRzdTvjQkXNI7u5SQhbogGEQ0oRlJJnn6YOcUQmw98NzON84bZUHfujBFPhtS7yD29bhpmAbhIrJLUQYm2p385/RinIYkkZkgI2zIT6WaIS4oZyWtOKkiC8AgNiK1ohEIi3KzYIofHSunDIObqRBIW6u+ODIVCTEJfVYZIDsW8NxX/8+xUBlduRqMklSTCs4eClEEZw2kusE85wZJNFEGYU7UrxEPEEZYqvZoKwZr/8iLpNg3r1GjendVb12UcVXAAjsAJsMAlaIFb0AYdgMEjeAav4E170l60d+1jVlrRyp598Afa5w+CbpmA</latexit>

'7
<latexit sha1_base64="JZmVbM9MizmnkmVBgR/1XQD0Nyc=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVFFSQGWsYGEsEm2RkihyXKe16jxkO5WqKDMLv8LCAEKsfAEbf4ObZoCWI9k6Oufe6+vjJ4wKaZrfWmVldW19o7pZ29re2d3T9w96Ik45Jl0cs5g/+EgQRiPSlVQy8pBwgkKfkb4/vpn5/QnhgsbRvZwmxA3RMKIBxUgqydOPM6cYYvOh72amcdkwG+rOnQniyYh6rdzT66ZhFoDLxCpJHZToePqXM4hxGpJIYoaEsC0zkW6GuKSYkbzmpIIkCI/RkNiKRigkws2KLXJ4qpQBDGKuTiRhof7uyFAoxDT0VWWI5EgsejPxP89OZXDlZjRKUkkiPH8oSBmUMZzlAgeUEyzZVBGEOVW7QjxCHGGp0qupEKzFLy+TXtOwzo3m3UW9fV3GUQVH4AScAQu0QBvcgg7oAgwewTN4BW/ak/aivWsf89KKVvYcgj/QPn8Ag/OZgQ==</latexit>

We directly deduce that for di↵erentiable function, we have the equivalences
<latexit sha1_base64="vB+TW6X3DCFjfmarYJoWvGgcnzM="></latexit>

Global minima , Local minima , Critical point
<latexit sha1_base64="OvSJmK20gxCLcFHbtcqdrcd10eY="></latexit>



1. Setting up an optimization problem

2. Recalls on Gradient Descent



1st order methods

Gradients provide descent directions



1st order methods

Gradients provide descent directions

The di↵erential plays a key role for linearly approximating an objective function f.
<latexit sha1_base64="CD044ZMv2xwhFal0Lsn70odAxCk="></latexit>

objective function.
<latexit sha1_base64="9DWWm4r+1JT7vUIqhsalz6A+pLY=">AAACA3icbVC7SgNBFJ2NrxhfUTttBoNgFXZV0DJoYxnBPCAJYXZyNxkzO7vM3A2GJWDjr9hYKGLrT9j5N04ehSYeGDiccy93zvFjKQy67reTWVpeWV3Lruc2Nre2d/K7e1UTJZpDhUcy0nWfGZBCQQUFSqjHGljoS6j5/euxXxuANiJSdziMoRWyrhKB4Ayt1M4fNBEeMI38e+AoBkCDRPGxVRy18wW36E5AF4k3IwUyQ7md/2p2Ip6EoJBLZkzDc2NspUyj4BJGuWZiIGa8z7rQsFSxEEwrnWQY0WOrdGgQafsU0on6eyNloTHD0LeTIcOemffG4n9eI8HgspUKFScIik8PBYmkGNFxIbQjtI0uh5YwroX9K+U9phlHW1vOluDNR14k1dOid1Y8vT0vlK5mdWTJITkiJ8QjF6REbkiZVAgnj+SZvJI358l5cd6dj+loxpnt7JM/cD5/AMTdmDs=</latexit>



1st order methods

Gradients provide descent directions

The di↵erential plays a key role for linearly approximating an objective function f.
<latexit sha1_base64="CD044ZMv2xwhFal0Lsn70odAxCk="></latexit>

objective function.
<latexit sha1_base64="9DWWm4r+1JT7vUIqhsalz6A+pLY=">AAACA3icbVC7SgNBFJ2NrxhfUTttBoNgFXZV0DJoYxnBPCAJYXZyNxkzO7vM3A2GJWDjr9hYKGLrT9j5N04ehSYeGDiccy93zvFjKQy67reTWVpeWV3Lruc2Nre2d/K7e1UTJZpDhUcy0nWfGZBCQQUFSqjHGljoS6j5/euxXxuANiJSdziMoRWyrhKB4Ayt1M4fNBEeMI38e+AoBkCDRPGxVRy18wW36E5AF4k3IwUyQ7md/2p2Ip6EoJBLZkzDc2NspUyj4BJGuWZiIGa8z7rQsFSxEEwrnWQY0WOrdGgQafsU0on6eyNloTHD0LeTIcOemffG4n9eI8HgspUKFScIik8PBYmkGNFxIbQjtI0uh5YwroX9K+U9phlHW1vOluDNR14k1dOid1Y8vT0vlK5mdWTJITkiJ8QjF6REbkiZVAgnj+SZvJI358l5cd6dj+loxpnt7JM/cD5/AMTdmDs=</latexit>

Gradients furthermore provide a direction of ascent
<latexit sha1_base64="Uz+2FN2SBdvtMYfVlh+xLBw6xRg=">AAACI3icbVDLSgNBEJz1GeMr6tHLYBA8hV0VFE+iBz0qGBWSEHpne83g7M4y0yuGJf/ixV/x4kEJXjz4L07iHnwVDBRVXfR0hZmSlnz/3ZuYnJqema3MVecXFpeWayurl1bnRmBTaKXNdQgWlUyxSZIUXmcGIQkVXoW3xyP/6g6NlTq9oH6GnQRuUhlLAeSkbu2gTXhPxYmBSGJKlse5oR6aRBvkmdF3MkIOPJIGxSjBdczBCjc66NbqfsMfg/8lQUnqrMRZtzZsR1rkiQsLBda2Aj+jTgGGpFA4qLZzixmIW7jBlqMpJGg7xfjGAd90SsRjbdxLiY/V74kCEmv7SegmE6Ce/e2NxP+8Vk7xfqeQaZYTpuJrUZwrTpqPCitPV31HQBjp/spFDwwIcrVWXQnB75P/ksvtRrDT2D7frR8elXVU2DrbYFssYHvskJ2yM9Zkgj2wJ/bCXr1H79kbem9foxNemVljP+B9fALF5KWO</latexit>



1st order methods

Gradients provide descent directions

The di↵erential plays a key role for linearly approximating an objective function f.
<latexit sha1_base64="CD044ZMv2xwhFal0Lsn70odAxCk="></latexit>

objective function.
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Proposition

Let f : Rd ! R be a di↵erentiable function.
<latexit sha1_base64="GMcInVu2N5s4QLdeFBKs8zoULTg="></latexit>

Then, for any x 2 Rd not critical, there exists ↵ > 0 such that
<latexit sha1_base64="BwFD+xXDQHswd955Yc+2nHWrfh4="></latexit>

f(x� ↵rf(x)) < f(x).
<latexit sha1_base64="OruHrpeU3fE7T1T4sKSPDyQAJEk=">AAACCnicbVC7TgJBFJ3FF+ILtbQZJSZQSHbRRAsLoo0lJvJI2A25O8zChNnZzcyskRBqG3/FxkJjbP0CO//GAbZQ8CQ39+ScezNzjx9zprRtf1uZpeWV1bXsem5jc2t7J7+711BRIgmtk4hHsuWDopwJWtdMc9qKJYXQ57TpD64nfvOeSsUicaeHMfVC6AkWMALaSJ38YVB8wCfYBR73AbsCfA7YaKUSvpz2cidfsMv2FHiROCkpoBS1Tv7L7UYkCanQhINSbceOtTcCqRnhdJxzE0VjIAPo0bahAkKqvNH0lDE+NkoXB5E0JTSeqr83RhAqNQx9MxmC7qt5byL+57UTHVx4IybiRFNBZg8FCcc6wpNccJdJSjQfGgJEMvNXTPoggWiTXs6E4MyfvEgalbJzWq7cnhWqV2kcWXSAjlAROegcVdENqqE6IugRPaNX9GY9WS/Wu/UxG81Y6c4++gPr8weF7ZeZ</latexit>



1st order methods

Gradients provide descent directions

The di↵erential plays a key role for linearly approximating an objective function f.
<latexit sha1_base64="CD044ZMv2xwhFal0Lsn70odAxCk="></latexit>

objective function.
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Proposition

Let f : Rd ! R be a di↵erentiable function.
<latexit sha1_base64="GMcInVu2N5s4QLdeFBKs8zoULTg="></latexit>

Then, for any x 2 Rd not critical, there exists ↵ > 0 such that
<latexit sha1_base64="BwFD+xXDQHswd955Yc+2nHWrfh4="></latexit>

f(x� ↵rf(x)) < f(x).
<latexit sha1_base64="OruHrpeU3fE7T1T4sKSPDyQAJEk=">AAACCnicbVC7TgJBFJ3FF+ILtbQZJSZQSHbRRAsLoo0lJvJI2A25O8zChNnZzcyskRBqG3/FxkJjbP0CO//GAbZQ8CQ39+ScezNzjx9zprRtf1uZpeWV1bXsem5jc2t7J7+711BRIgmtk4hHsuWDopwJWtdMc9qKJYXQ57TpD64nfvOeSsUicaeHMfVC6AkWMALaSJ38YVB8wCfYBR73AbsCfA7YaKUSvpz2cidfsMv2FHiROCkpoBS1Tv7L7UYkCanQhINSbceOtTcCqRnhdJxzE0VjIAPo0bahAkKqvNH0lDE+NkoXB5E0JTSeqr83RhAqNQx9MxmC7qt5byL+57UTHVx4IybiRFNBZg8FCcc6wpNccJdJSjQfGgJEMvNXTPoggWiTXs6E4MyfvEgalbJzWq7cnhWqV2kcWXSAjlAROegcVdENqqE6IugRPaNX9GY9WS/Wu/UxG81Y6c4++gPr8weF7ZeZ</latexit>

Proof : on the white board.



1st order methods

Gradients provide descent directions

The di↵erential plays a key role for linearly approximating an objective function f.
<latexit sha1_base64="CD044ZMv2xwhFal0Lsn70odAxCk="></latexit>

objective function.
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Gradients furthermore provide a direction of ascent
<latexit sha1_base64="Uz+2FN2SBdvtMYfVlh+xLBw6xRg=">AAACI3icbVDLSgNBEJz1GeMr6tHLYBA8hV0VFE+iBz0qGBWSEHpne83g7M4y0yuGJf/ixV/x4kEJXjz4L07iHnwVDBRVXfR0hZmSlnz/3ZuYnJqema3MVecXFpeWayurl1bnRmBTaKXNdQgWlUyxSZIUXmcGIQkVXoW3xyP/6g6NlTq9oH6GnQRuUhlLAeSkbu2gTXhPxYmBSGJKlse5oR6aRBvkmdF3MkIOPJIGxSjBdczBCjc66NbqfsMfg/8lQUnqrMRZtzZsR1rkiQsLBda2Aj+jTgGGpFA4qLZzixmIW7jBlqMpJGg7xfjGAd90SsRjbdxLiY/V74kCEmv7SegmE6Ce/e2NxP+8Vk7xfqeQaZYTpuJrUZwrTpqPCitPV31HQBjp/spFDwwIcrVWXQnB75P/ksvtRrDT2D7frR8elXVU2DrbYFssYHvskJ2yM9Zkgj2wJ/bCXr1H79kbem9foxNemVljP+B9fALF5KWO</latexit>

Proposition

Let f : Rd ! R be a di↵erentiable function.
<latexit sha1_base64="GMcInVu2N5s4QLdeFBKs8zoULTg="></latexit>

Then, for any x 2 Rd not critical, there exists ↵ > 0 such that
<latexit sha1_base64="BwFD+xXDQHswd955Yc+2nHWrfh4="></latexit>

f(x� ↵rf(x)) < f(x).
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Proof : on the white board.

Remarks :

There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
<latexit sha1_base64="/qOKyN7Jk9AoKB3gXfqW0sOiEig="></latexit>

There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
<latexit sha1_base64="/qOKyN7Jk9AoKB3gXfqW0sOiEig="></latexit>



1st order methods

Gradients provide descent directions

The di↵erential plays a key role for linearly approximating an objective function f.
<latexit sha1_base64="CD044ZMv2xwhFal0Lsn70odAxCk="></latexit>

objective function.
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Proposition

Let f : Rd ! R be a di↵erentiable function.
<latexit sha1_base64="GMcInVu2N5s4QLdeFBKs8zoULTg="></latexit>

Then, for any x 2 Rd not critical, there exists ↵ > 0 such that
<latexit sha1_base64="BwFD+xXDQHswd955Yc+2nHWrfh4="></latexit>

f(x� ↵rf(x)) < f(x).
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Proof : on the white board.

Remarks :

Exercise: Find the set of valid values for ↵ when f is quadratic.
<latexit sha1_base64="OzjoQGYawHLXYTJWJ/GTNlXr3O8="></latexit>

There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
<latexit sha1_base64="/qOKyN7Jk9AoKB3gXfqW0sOiEig="></latexit>

There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
<latexit sha1_base64="/qOKyN7Jk9AoKB3gXfqW0sOiEig="></latexit>
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Proposition

Let f : Rd ! R be a di↵erentiable function.
<latexit sha1_base64="GMcInVu2N5s4QLdeFBKs8zoULTg="></latexit>

Then, for any x 2 Rd not critical, there exists ↵ > 0 such that
<latexit sha1_base64="BwFD+xXDQHswd955Yc+2nHWrfh4="></latexit>

f(x� ↵rf(x)) < f(x).
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Proof : on the white board.

Remarks :

Exercise: Find the set of valid values for ↵ when f is quadratic.
<latexit sha1_base64="OzjoQGYawHLXYTJWJ/GTNlXr3O8="></latexit>

There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
<latexit sha1_base64="/qOKyN7Jk9AoKB3gXfqW0sOiEig="></latexit>

There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
<latexit sha1_base64="/qOKyN7Jk9AoKB3gXfqW0sOiEig="></latexit>

1st-order methods are methods that utilize the gradient of f to find a minimum.
<latexit sha1_base64="v0sWBx4QCqTQUSVnEjAWxmpsAy8="></latexit>

1st-order methods are methods that utilize the gradient of f to find a minimum.
<latexit sha1_base64="v0sWBx4QCqTQUSVnEjAWxmpsAy8="></latexit>

xk+1 = M (x0, . . . , xk,rf(x0), . . . ,rf(xk))
<latexit sha1_base64="cwhbnkojeuehUOiJ3wopPFpL0hU="></latexit>



1st order methods

1st-order methodsGradients provide descent directions

The di↵erential plays a key role for linearly approximating an objective function f.
<latexit sha1_base64="CD044ZMv2xwhFal0Lsn70odAxCk="></latexit>

objective function.
<latexit sha1_base64="9DWWm4r+1JT7vUIqhsalz6A+pLY=">AAACA3icbVC7SgNBFJ2NrxhfUTttBoNgFXZV0DJoYxnBPCAJYXZyNxkzO7vM3A2GJWDjr9hYKGLrT9j5N04ehSYeGDiccy93zvFjKQy67reTWVpeWV3Lruc2Nre2d/K7e1UTJZpDhUcy0nWfGZBCQQUFSqjHGljoS6j5/euxXxuANiJSdziMoRWyrhKB4Ayt1M4fNBEeMI38e+AoBkCDRPGxVRy18wW36E5AF4k3IwUyQ7md/2p2Ip6EoJBLZkzDc2NspUyj4BJGuWZiIGa8z7rQsFSxEEwrnWQY0WOrdGgQafsU0on6eyNloTHD0LeTIcOemffG4n9eI8HgspUKFScIik8PBYmkGNFxIbQjtI0uh5YwroX9K+U9phlHW1vOluDNR14k1dOid1Y8vT0vlK5mdWTJITkiJ8QjF6REbkiZVAgnj+SZvJI358l5cd6dj+loxpnt7JM/cD5/AMTdmDs=</latexit>

Gradients furthermore provide a direction of ascent
<latexit sha1_base64="Uz+2FN2SBdvtMYfVlh+xLBw6xRg=">AAACI3icbVDLSgNBEJz1GeMr6tHLYBA8hV0VFE+iBz0qGBWSEHpne83g7M4y0yuGJf/ixV/x4kEJXjz4L07iHnwVDBRVXfR0hZmSlnz/3ZuYnJqema3MVecXFpeWayurl1bnRmBTaKXNdQgWlUyxSZIUXmcGIQkVXoW3xyP/6g6NlTq9oH6GnQRuUhlLAeSkbu2gTXhPxYmBSGJKlse5oR6aRBvkmdF3MkIOPJIGxSjBdczBCjc66NbqfsMfg/8lQUnqrMRZtzZsR1rkiQsLBda2Aj+jTgGGpFA4qLZzixmIW7jBlqMpJGg7xfjGAd90SsRjbdxLiY/V74kCEmv7SegmE6Ce/e2NxP+8Vk7xfqeQaZYTpuJrUZwrTpqPCitPV31HQBjp/spFDwwIcrVWXQnB75P/ksvtRrDT2D7frR8elXVU2DrbYFssYHvskJ2yM9Zkgj2wJ/bCXr1H79kbem9foxNemVljP+B9fALF5KWO</latexit>

Proposition

Let f : Rd ! R be a di↵erentiable function.
<latexit sha1_base64="GMcInVu2N5s4QLdeFBKs8zoULTg="></latexit>

Then, for any x 2 Rd not critical, there exists ↵ > 0 such that
<latexit sha1_base64="BwFD+xXDQHswd955Yc+2nHWrfh4="></latexit>

f(x� ↵rf(x)) < f(x).
<latexit sha1_base64="OruHrpeU3fE7T1T4sKSPDyQAJEk=">AAACCnicbVC7TgJBFJ3FF+ILtbQZJSZQSHbRRAsLoo0lJvJI2A25O8zChNnZzcyskRBqG3/FxkJjbP0CO//GAbZQ8CQ39+ScezNzjx9zprRtf1uZpeWV1bXsem5jc2t7J7+711BRIgmtk4hHsuWDopwJWtdMc9qKJYXQ57TpD64nfvOeSsUicaeHMfVC6AkWMALaSJ38YVB8wCfYBR73AbsCfA7YaKUSvpz2cidfsMv2FHiROCkpoBS1Tv7L7UYkCanQhINSbceOtTcCqRnhdJxzE0VjIAPo0bahAkKqvNH0lDE+NkoXB5E0JTSeqr83RhAqNQx9MxmC7qt5byL+57UTHVx4IybiRFNBZg8FCcc6wpNccJdJSjQfGgJEMvNXTPoggWiTXs6E4MyfvEgalbJzWq7cnhWqV2kcWXSAjlAROegcVdENqqE6IugRPaNX9GY9WS/Wu/UxG81Y6c4++gPr8weF7ZeZ</latexit>

Proof : on the white board.

Remarks :

Exercise: Find the set of valid values for ↵ when f is quadratic.
<latexit sha1_base64="OzjoQGYawHLXYTJWJ/GTNlXr3O8="></latexit>

There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
<latexit sha1_base64="/qOKyN7Jk9AoKB3gXfqW0sOiEig="></latexit>

There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
<latexit sha1_base64="/qOKyN7Jk9AoKB3gXfqW0sOiEig="></latexit>

1st-order methods are methods that utilize the gradient of f to find a minimum.
<latexit sha1_base64="v0sWBx4QCqTQUSVnEjAWxmpsAy8="></latexit>

1st-order methods are methods that utilize the gradient of f to find a minimum.
<latexit sha1_base64="v0sWBx4QCqTQUSVnEjAWxmpsAy8="></latexit>

xk+1 = M (x0, . . . , xk,rf(x0), . . . ,rf(xk))
<latexit sha1_base64="cwhbnkojeuehUOiJ3wopPFpL0hU="></latexit>

The simplest instantiation of such methods is the gradient descent algorithm
<latexit sha1_base64="LPw83aNZibbPNoWqjZHxLXsZPRs="></latexit>

algorithm.
<latexit sha1_base64="FCAjP9rhnY5ZY5ZN9VkCMR2TKmc=">AAAB+nicbVBNSwMxEM36WevXVo9egkXwVHaroMeiF48V7Ae0S8mm2TY0yS7JrFrW/hQvHhTx6i/x5r8xbfegrQ8GHu/NMDMvTAQ34Hnfzsrq2vrGZmGruL2zu7fvlg6aJk41ZQ0ai1i3Q2KY4Io1gINg7UQzIkPBWuHoeuq37pk2PFZ3ME5YIMlA8YhTAlbquaUusEfIiBjEmsNQViY9t+xVvBnwMvFzUkY56j33q9uPaSqZAiqIMR3fSyDIiAZOBZsUu6lhCaEjMmAdSxWRzATZ7PQJPrFKH0extqUAz9TfExmRxoxlaDslgaFZ9Kbif14nhegyyLhKUmCKzhdFqcAQ42kOuM81oyDGlhBqX+cU0yHRhIJNq2hD8BdfXibNasU/q1Rvz8u1qzyOAjpCx+gU+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9AfO5w/kSJRn</latexit>

Given x0 2 Rd, the algorithm iterates
<latexit sha1_base64="iHojMaWq8q+8pbPye13+kXXHoX8="></latexit>

Definition

xk+1 = xk � ↵krf(xk).
<latexit sha1_base64="becDSczx6FUjI0q7OETBT+mVDCs=">AAACEHicbZDLSgMxFIYzXmu9VV26CRaxIpaZKuhGKLpxWcFeoC3DmTTThslkhiQjLUMfwY2v4saFIm5duvNtTC8Lbf0h8PGfczg5vxdzprRtf1sLi0vLK6uZtez6xubWdm5nt6aiRBJaJRGPZMMDRTkTtKqZ5rQRSwqhx2ndC25G9foDlYpF4l4PYtoOoSuYzwhoY7m5o76bBifOEF/hvhvgU9wCHvfAYEuAxwH7BeMfF91c3i7aY+F5cKaQR1NV3NxXqxORJKRCEw5KNR071u0UpGaE02G2lSgaAwmgS5sGBYRUtdPxQUN8aJwO9iNpntB47P6eSCFUahB6pjME3VOztZH5X62ZaP+ynTIRJ5oKMlnkJxzrCI/SwR0mKdF8YACIZOavmPRAAtEmw6wJwZk9eR5qpaJzVizdnefL19M4MmgfHaACctAFKqNbVEFVRNAjekav6M16sl6sd+tj0rpgTWf20B9Znz9ZXprk</latexit>



1st order methods

1st-order methodsGradients provide descent directions

The di↵erential plays a key role for linearly approximating an objective function f.
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Gradients furthermore provide a direction of ascent
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Proposition

Let f : Rd ! R be a di↵erentiable function.
<latexit sha1_base64="GMcInVu2N5s4QLdeFBKs8zoULTg="></latexit>

Then, for any x 2 Rd not critical, there exists ↵ > 0 such that
<latexit sha1_base64="BwFD+xXDQHswd955Yc+2nHWrfh4="></latexit>

f(x� ↵rf(x)) < f(x).
<latexit sha1_base64="OruHrpeU3fE7T1T4sKSPDyQAJEk=">AAACCnicbVC7TgJBFJ3FF+ILtbQZJSZQSHbRRAsLoo0lJvJI2A25O8zChNnZzcyskRBqG3/FxkJjbP0CO//GAbZQ8CQ39+ScezNzjx9zprRtf1uZpeWV1bXsem5jc2t7J7+711BRIgmtk4hHsuWDopwJWtdMc9qKJYXQ57TpD64nfvOeSsUicaeHMfVC6AkWMALaSJ38YVB8wCfYBR73AbsCfA7YaKUSvpz2cidfsMv2FHiROCkpoBS1Tv7L7UYkCanQhINSbceOtTcCqRnhdJxzE0VjIAPo0bahAkKqvNH0lDE+NkoXB5E0JTSeqr83RhAqNQx9MxmC7qt5byL+57UTHVx4IybiRFNBZg8FCcc6wpNccJdJSjQfGgJEMvNXTPoggWiTXs6E4MyfvEgalbJzWq7cnhWqV2kcWXSAjlAROegcVdENqqE6IugRPaNX9GY9WS/Wu/UxG81Y6c4++gPr8weF7ZeZ</latexit>

Proof : on the white board.

Remarks :

Exercise: Find the set of valid values for ↵ when f is quadratic.
<latexit sha1_base64="OzjoQGYawHLXYTJWJ/GTNlXr3O8="></latexit>

There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
<latexit sha1_base64="/qOKyN7Jk9AoKB3gXfqW0sOiEig="></latexit>

There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
<latexit sha1_base64="/qOKyN7Jk9AoKB3gXfqW0sOiEig="></latexit>

1st-order methods are methods that utilize the gradient of f to find a minimum.
<latexit sha1_base64="v0sWBx4QCqTQUSVnEjAWxmpsAy8="></latexit>

1st-order methods are methods that utilize the gradient of f to find a minimum.
<latexit sha1_base64="v0sWBx4QCqTQUSVnEjAWxmpsAy8="></latexit>

xk+1 = M (x0, . . . , xk,rf(x0), . . . ,rf(xk))
<latexit sha1_base64="cwhbnkojeuehUOiJ3wopPFpL0hU="></latexit>

The simplest instantiation of such methods is the gradient descent algorithm
<latexit sha1_base64="LPw83aNZibbPNoWqjZHxLXsZPRs="></latexit>

algorithm.
<latexit sha1_base64="FCAjP9rhnY5ZY5ZN9VkCMR2TKmc=">AAAB+nicbVBNSwMxEM36WevXVo9egkXwVHaroMeiF48V7Ae0S8mm2TY0yS7JrFrW/hQvHhTx6i/x5r8xbfegrQ8GHu/NMDMvTAQ34Hnfzsrq2vrGZmGruL2zu7fvlg6aJk41ZQ0ai1i3Q2KY4Io1gINg7UQzIkPBWuHoeuq37pk2PFZ3ME5YIMlA8YhTAlbquaUusEfIiBjEmsNQViY9t+xVvBnwMvFzUkY56j33q9uPaSqZAiqIMR3fSyDIiAZOBZsUu6lhCaEjMmAdSxWRzATZ7PQJPrFKH0extqUAz9TfExmRxoxlaDslgaFZ9Kbif14nhegyyLhKUmCKzhdFqcAQ42kOuM81oyDGlhBqX+cU0yHRhIJNq2hD8BdfXibNasU/q1Rvz8u1qzyOAjpCx+gU+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9AfO5w/kSJRn</latexit>

Given x0 2 Rd, the algorithm iterates
<latexit sha1_base64="iHojMaWq8q+8pbPye13+kXXHoX8="></latexit>

Definition

xk+1 = xk � ↵krf(xk).
<latexit sha1_base64="becDSczx6FUjI0q7OETBT+mVDCs=">AAACEHicbZDLSgMxFIYzXmu9VV26CRaxIpaZKuhGKLpxWcFeoC3DmTTThslkhiQjLUMfwY2v4saFIm5duvNtTC8Lbf0h8PGfczg5vxdzprRtf1sLi0vLK6uZtez6xubWdm5nt6aiRBJaJRGPZMMDRTkTtKqZ5rQRSwqhx2ndC25G9foDlYpF4l4PYtoOoSuYzwhoY7m5o76bBifOEF/hvhvgU9wCHvfAYEuAxwH7BeMfF91c3i7aY+F5cKaQR1NV3NxXqxORJKRCEw5KNR071u0UpGaE02G2lSgaAwmgS5sGBYRUtdPxQUN8aJwO9iNpntB47P6eSCFUahB6pjME3VOztZH5X62ZaP+ynTIRJ5oKMlnkJxzrCI/SwR0mKdF8YACIZOavmPRAAtEmw6wJwZk9eR5qpaJzVizdnefL19M4MmgfHaACctAFKqNbVEFVRNAjekav6M16sl6sd+tj0rpgTWf20B9Znz9ZXprk</latexit>

Remarks :

The parameter ↵ is often called the stepsize of the method.
<latexit sha1_base64="ulskOf6bIG84L4jD8+vXd394qJ4="></latexit>



1st order methods

1st-order methodsGradients provide descent directions

The di↵erential plays a key role for linearly approximating an objective function f.
<latexit sha1_base64="CD044ZMv2xwhFal0Lsn70odAxCk="></latexit>

objective function.
<latexit sha1_base64="9DWWm4r+1JT7vUIqhsalz6A+pLY=">AAACA3icbVC7SgNBFJ2NrxhfUTttBoNgFXZV0DJoYxnBPCAJYXZyNxkzO7vM3A2GJWDjr9hYKGLrT9j5N04ehSYeGDiccy93zvFjKQy67reTWVpeWV3Lruc2Nre2d/K7e1UTJZpDhUcy0nWfGZBCQQUFSqjHGljoS6j5/euxXxuANiJSdziMoRWyrhKB4Ayt1M4fNBEeMI38e+AoBkCDRPGxVRy18wW36E5AF4k3IwUyQ7md/2p2Ip6EoJBLZkzDc2NspUyj4BJGuWZiIGa8z7rQsFSxEEwrnWQY0WOrdGgQafsU0on6eyNloTHD0LeTIcOemffG4n9eI8HgspUKFScIik8PBYmkGNFxIbQjtI0uh5YwroX9K+U9phlHW1vOluDNR14k1dOid1Y8vT0vlK5mdWTJITkiJ8QjF6REbkiZVAgnj+SZvJI358l5cd6dj+loxpnt7JM/cD5/AMTdmDs=</latexit>
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Proposition

Let f : Rd ! R be a di↵erentiable function.
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Then, for any x 2 Rd not critical, there exists ↵ > 0 such that
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Proof : on the white board.

Remarks :

Exercise: Find the set of valid values for ↵ when f is quadratic.
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There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
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There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
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1st-order methods are methods that utilize the gradient of f to find a minimum.
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1st-order methods are methods that utilize the gradient of f to find a minimum.
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xk+1 = M (x0, . . . , xk,rf(x0), . . . ,rf(xk))
<latexit sha1_base64="cwhbnkojeuehUOiJ3wopPFpL0hU="></latexit>

The simplest instantiation of such methods is the gradient descent algorithm
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algorithm.
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Given x0 2 Rd, the algorithm iterates
<latexit sha1_base64="iHojMaWq8q+8pbPye13+kXXHoX8="></latexit>

Definition

xk+1 = xk � ↵krf(xk).
<latexit sha1_base64="becDSczx6FUjI0q7OETBT+mVDCs=">AAACEHicbZDLSgMxFIYzXmu9VV26CRaxIpaZKuhGKLpxWcFeoC3DmTTThslkhiQjLUMfwY2v4saFIm5duvNtTC8Lbf0h8PGfczg5vxdzprRtf1sLi0vLK6uZtez6xubWdm5nt6aiRBJaJRGPZMMDRTkTtKqZ5rQRSwqhx2ndC25G9foDlYpF4l4PYtoOoSuYzwhoY7m5o76bBifOEF/hvhvgU9wCHvfAYEuAxwH7BeMfF91c3i7aY+F5cKaQR1NV3NxXqxORJKRCEw5KNR071u0UpGaE02G2lSgaAwmgS5sGBYRUtdPxQUN8aJwO9iNpntB47P6eSCFUahB6pjME3VOztZH5X62ZaP+ynTIRJ5oKMlnkJxzrCI/SwR0mKdF8YACIZOavmPRAAtEmw6wJwZk9eR5qpaJzVizdnefL19M4MmgfHaACctAFKqNbVEFVRNAjekav6M16sl6sd+tj0rpgTWf20B9Znz9ZXprk</latexit>

Remarks :

The parameter ↵ is often called the stepsize of the method.
<latexit sha1_base64="ulskOf6bIG84L4jD8+vXd394qJ4="></latexit>

Setting this parameter is often of critical importance to ensure the convergence of xk towards x?.
<latexit sha1_base64="+peWsdBiJ0m4FVYgLRVZiRrvrGg="></latexit>

Setting this parameter is often of critical importance to ensure the convergence of xk towards x?.
<latexit sha1_base64="+peWsdBiJ0m4FVYgLRVZiRrvrGg="></latexit>



1st order methods

1st-order methodsGradients provide descent directions

The di↵erential plays a key role for linearly approximating an objective function f.
<latexit sha1_base64="CD044ZMv2xwhFal0Lsn70odAxCk="></latexit>

objective function.
<latexit sha1_base64="9DWWm4r+1JT7vUIqhsalz6A+pLY=">AAACA3icbVC7SgNBFJ2NrxhfUTttBoNgFXZV0DJoYxnBPCAJYXZyNxkzO7vM3A2GJWDjr9hYKGLrT9j5N04ehSYeGDiccy93zvFjKQy67reTWVpeWV3Lruc2Nre2d/K7e1UTJZpDhUcy0nWfGZBCQQUFSqjHGljoS6j5/euxXxuANiJSdziMoRWyrhKB4Ayt1M4fNBEeMI38e+AoBkCDRPGxVRy18wW36E5AF4k3IwUyQ7md/2p2Ip6EoJBLZkzDc2NspUyj4BJGuWZiIGa8z7rQsFSxEEwrnWQY0WOrdGgQafsU0on6eyNloTHD0LeTIcOemffG4n9eI8HgspUKFScIik8PBYmkGNFxIbQjtI0uh5YwroX9K+U9phlHW1vOluDNR14k1dOid1Y8vT0vlK5mdWTJITkiJ8QjF6REbkiZVAgnj+SZvJI358l5cd6dj+loxpnt7JM/cD5/AMTdmDs=</latexit>

Gradients furthermore provide a direction of ascent
<latexit sha1_base64="Uz+2FN2SBdvtMYfVlh+xLBw6xRg=">AAACI3icbVDLSgNBEJz1GeMr6tHLYBA8hV0VFE+iBz0qGBWSEHpne83g7M4y0yuGJf/ixV/x4kEJXjz4L07iHnwVDBRVXfR0hZmSlnz/3ZuYnJqema3MVecXFpeWayurl1bnRmBTaKXNdQgWlUyxSZIUXmcGIQkVXoW3xyP/6g6NlTq9oH6GnQRuUhlLAeSkbu2gTXhPxYmBSGJKlse5oR6aRBvkmdF3MkIOPJIGxSjBdczBCjc66NbqfsMfg/8lQUnqrMRZtzZsR1rkiQsLBda2Aj+jTgGGpFA4qLZzixmIW7jBlqMpJGg7xfjGAd90SsRjbdxLiY/V74kCEmv7SegmE6Ce/e2NxP+8Vk7xfqeQaZYTpuJrUZwrTpqPCitPV31HQBjp/spFDwwIcrVWXQnB75P/ksvtRrDT2D7frR8elXVU2DrbYFssYHvskJ2yM9Zkgj2wJ/bCXr1H79kbem9foxNemVljP+B9fALF5KWO</latexit>

Proposition

Let f : Rd ! R be a di↵erentiable function.
<latexit sha1_base64="GMcInVu2N5s4QLdeFBKs8zoULTg="></latexit>

Then, for any x 2 Rd not critical, there exists ↵ > 0 such that
<latexit sha1_base64="BwFD+xXDQHswd955Yc+2nHWrfh4="></latexit>

f(x� ↵rf(x)) < f(x).
<latexit sha1_base64="OruHrpeU3fE7T1T4sKSPDyQAJEk=">AAACCnicbVC7TgJBFJ3FF+ILtbQZJSZQSHbRRAsLoo0lJvJI2A25O8zChNnZzcyskRBqG3/FxkJjbP0CO//GAbZQ8CQ39+ScezNzjx9zprRtf1uZpeWV1bXsem5jc2t7J7+711BRIgmtk4hHsuWDopwJWtdMc9qKJYXQ57TpD64nfvOeSsUicaeHMfVC6AkWMALaSJ38YVB8wCfYBR73AbsCfA7YaKUSvpz2cidfsMv2FHiROCkpoBS1Tv7L7UYkCanQhINSbceOtTcCqRnhdJxzE0VjIAPo0bahAkKqvNH0lDE+NkoXB5E0JTSeqr83RhAqNQx9MxmC7qt5byL+57UTHVx4IybiRFNBZg8FCcc6wpNccJdJSjQfGgJEMvNXTPoggWiTXs6E4MyfvEgalbJzWq7cnhWqV2kcWXSAjlAROegcVdENqqE6IugRPaNX9GY9WS/Wu/UxG81Y6c4++gPr8weF7ZeZ</latexit>

Proof : on the black board.

Remarks :

Exercise: Find the set of valid values for ↵ when f is quadratic.
<latexit sha1_base64="OzjoQGYawHLXYTJWJ/GTNlXr3O8="></latexit>

There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
<latexit sha1_base64="/qOKyN7Jk9AoKB3gXfqW0sOiEig="></latexit>

There is extensive research on how to find ↵ to maximize the descent of f along the direction � ↵rf(x).
<latexit sha1_base64="/qOKyN7Jk9AoKB3gXfqW0sOiEig="></latexit>

1st-order methods are methods that utilize the gradient of f to find a minimum.
<latexit sha1_base64="v0sWBx4QCqTQUSVnEjAWxmpsAy8="></latexit>

1st-order methods are methods that utilize the gradient of f to find a minimum.
<latexit sha1_base64="v0sWBx4QCqTQUSVnEjAWxmpsAy8="></latexit>

xk+1 = M (x0, . . . , xk,rf(x0), . . . ,rf(xk))
<latexit sha1_base64="cwhbnkojeuehUOiJ3wopPFpL0hU="></latexit>

The simplest instantiation of such methods is the gradient descent algorithm
<latexit sha1_base64="LPw83aNZibbPNoWqjZHxLXsZPRs="></latexit>

algorithm.
<latexit sha1_base64="FCAjP9rhnY5ZY5ZN9VkCMR2TKmc=">AAAB+nicbVBNSwMxEM36WevXVo9egkXwVHaroMeiF48V7Ae0S8mm2TY0yS7JrFrW/hQvHhTx6i/x5r8xbfegrQ8GHu/NMDMvTAQ34Hnfzsrq2vrGZmGruL2zu7fvlg6aJk41ZQ0ai1i3Q2KY4Io1gINg7UQzIkPBWuHoeuq37pk2PFZ3ME5YIMlA8YhTAlbquaUusEfIiBjEmsNQViY9t+xVvBnwMvFzUkY56j33q9uPaSqZAiqIMR3fSyDIiAZOBZsUu6lhCaEjMmAdSxWRzATZ7PQJPrFKH0extqUAz9TfExmRxoxlaDslgaFZ9Kbif14nhegyyLhKUmCKzhdFqcAQ42kOuM81oyDGlhBqX+cU0yHRhIJNq2hD8BdfXibNasU/q1Rvz8u1qzyOAjpCx+gU+egC1dANqqMGougBPaNX9OY8OS/Ou/Mxb11x8plD9AfO5w/kSJRn</latexit>

Given x0 2 Rd, the algorithm iterates
<latexit sha1_base64="iHojMaWq8q+8pbPye13+kXXHoX8="></latexit>

Definition

xk+1 = xk � ↵krf(xk).
<latexit sha1_base64="becDSczx6FUjI0q7OETBT+mVDCs=">AAACEHicbZDLSgMxFIYzXmu9VV26CRaxIpaZKuhGKLpxWcFeoC3DmTTThslkhiQjLUMfwY2v4saFIm5duvNtTC8Lbf0h8PGfczg5vxdzprRtf1sLi0vLK6uZtez6xubWdm5nt6aiRBJaJRGPZMMDRTkTtKqZ5rQRSwqhx2ndC25G9foDlYpF4l4PYtoOoSuYzwhoY7m5o76bBifOEF/hvhvgU9wCHvfAYEuAxwH7BeMfF91c3i7aY+F5cKaQR1NV3NxXqxORJKRCEw5KNR071u0UpGaE02G2lSgaAwmgS5sGBYRUtdPxQUN8aJwO9iNpntB47P6eSCFUahB6pjME3VOztZH5X62ZaP+ynTIRJ5oKMlnkJxzrCI/SwR0mKdF8YACIZOavmPRAAtEmw6wJwZk9eR5qpaJzVizdnefL19M4MmgfHaACctAFKqNbVEFVRNAjekav6M16sl6sd+tj0rpgTWf20B9Znz9ZXprk</latexit>

Remarks :

The parameter ↵ is often called the stepsize of the method.
<latexit sha1_base64="ulskOf6bIG84L4jD8+vXd394qJ4="></latexit>

Setting this parameter is often of critical importance to ensure the convergence of xk towards x?.
<latexit sha1_base64="+peWsdBiJ0m4FVYgLRVZiRrvrGg="></latexit>

Setting this parameter is often of critical importance to ensure the convergence of xk towards x?.
<latexit sha1_base64="+peWsdBiJ0m4FVYgLRVZiRrvrGg="></latexit>

It is often set depending on the regularity properties of f.
<latexit sha1_base64="xbTVT3odpyxpgi5grGTfu1wU1rA="></latexit>



1. Setting up an optimization problem

2. Recalls on Gradient Descent

3. The quadratic case 



Gradient Descent on quadratics

Quadratic optimization
We call quadratic, any function ' of the form

<latexit sha1_base64="vxwg+oo1UjJeUOZIE75IK3Ae6CI="></latexit>

' : x 7! 1

2
x>Qx+ p>x+ c

<latexit sha1_base64="zpJ7bRyE7ifdW+vlUf2WB9EDjhI=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkChZXRTcuW7AXaGKZTCft0EkyzExKS+iruPFV3LhQpDvxZZykWWjrgYGP/z+HM+f3OKNSWdaXsba+sbm1Xdgp7u7tHxyaR8ctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXuj+9Rvj4mQNAof1ZQTN0CDkPoUI6Wlnll1xkjwIYW3cAKdAHGpIuj4AuHEniWVGZw8OSrisKHtS8gzTgn3zJJVtrKCq2DnUAJ51Xvm3OlHOA5IqDBDUnZtiys3QUJRzMis6MSScIRHaEC6GkMUEOkm2YUzeK6VPvQjoV+oYKb+nkhQIOU08HRngNRQLnup+J/XjZVfdRMa8liREC8W+TGDOoU0LtingmDFphoQFlT/FeIh0vEoHWpRh2Avn7wKrUrZvipXGtel2l0eRwGcgjNwAWxwA2rgAdRBE2DwDF7BO/gwXow349OYL1rXjHzmBPwp4/sHgAGh0A==</latexit>

where
<latexit sha1_base64="Ut2rD68dpUcU7ST87fcSO6n7/XQ=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswODUyYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvpn5jBNqISN3jOAY/ZH0leoIztJLfRnjC9HEAGuikUyi6JXcGuky8jBRJhmqn8NXuRjwJQSGXzJiW58bop0yj4BIm+XZiIGZ8yPrQslSxEIyfzo6e0FOrdGkv0rYU0pn6eyJloTHjMLCdIcOBWfSm4n9eK8HelZ8KFScIis8X9RJJMaLTBGhXaOAox5YwroW9lfIB04yjzSlvQ/AWX14m9XLJOy+V7y6Klessjhw5JifkjHjkklTILamSGuHkgTyTV/LmjJwX5935mLeuONnMEfkD5/MHIdqSVA==</latexit>

Q 2 Sd(R) is symmetric definite semi positive,
<latexit sha1_base64="LIBcjYZFTr8nUbScHnDKk2CppWA="></latexit>

p 2 Rd and c 2 R.
<latexit sha1_base64="3V6b511dHbbCYG/D34NUsGl+C9U=">AAACEXicbVC7TsNAEDyHVwgvAyXNiQgpVWQHJCgjaChDRB5SbKLz+ZKccj5bd2tEZOUXaPgVGgoQoqWj42+4PApIGGml0cyudneCRHANjvNt5VZW19Y38puFre2d3T17/6Cp41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IWRgnzI9KXvMcpASN17VKCPS5x/S7EHrAHyDCRIR5jOpW9iMAgCLL6uNy1i07ZmQIvE3dOimiOWtf+8sKYphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxVJKIaT+bfjTGJ0YJcS9WpiTgqfp7IiOR1qMoMJ2TE/WiNxH/8zop9C78jMskBSbpbFEvFRhiPIkHh1wxCmJkCKGKm1sxHRBFKJgQCyYEd/HlZdKslN3TcuXmrFi9nMeRR0foGJWQi85RFV2jGmogih7RM3pFb9aT9WK9Wx+z1pw1nzlEf2B9/gBbAJwa</latexit>



Gradient Descent on quadratics

Quadratic optimization
We call quadratic, any function ' of the form

<latexit sha1_base64="vxwg+oo1UjJeUOZIE75IK3Ae6CI="></latexit>

' : x 7! 1

2
x>Qx+ p>x+ c

<latexit sha1_base64="zpJ7bRyE7ifdW+vlUf2WB9EDjhI=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkChZXRTcuW7AXaGKZTCft0EkyzExKS+iruPFV3LhQpDvxZZykWWjrgYGP/z+HM+f3OKNSWdaXsba+sbm1Xdgp7u7tHxyaR8ctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXuj+9Rvj4mQNAof1ZQTN0CDkPoUI6Wlnll1xkjwIYW3cAKdAHGpIuj4AuHEniWVGZw8OSrisKHtS8gzTgn3zJJVtrKCq2DnUAJ51Xvm3OlHOA5IqDBDUnZtiys3QUJRzMis6MSScIRHaEC6GkMUEOkm2YUzeK6VPvQjoV+oYKb+nkhQIOU08HRngNRQLnup+J/XjZVfdRMa8liREC8W+TGDOoU0LtingmDFphoQFlT/FeIh0vEoHWpRh2Avn7wKrUrZvipXGtel2l0eRwGcgjNwAWxwA2rgAdRBE2DwDF7BO/gwXow349OYL1rXjHzmBPwp4/sHgAGh0A==</latexit>

where
<latexit sha1_base64="Ut2rD68dpUcU7ST87fcSO6n7/XQ=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswODUyYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvpn5jBNqISN3jOAY/ZH0leoIztJLfRnjC9HEAGuikUyi6JXcGuky8jBRJhmqn8NXuRjwJQSGXzJiW58bop0yj4BIm+XZiIGZ8yPrQslSxEIyfzo6e0FOrdGkv0rYU0pn6eyJloTHjMLCdIcOBWfSm4n9eK8HelZ8KFScIis8X9RJJMaLTBGhXaOAox5YwroW9lfIB04yjzSlvQ/AWX14m9XLJOy+V7y6Klessjhw5JifkjHjkklTILamSGuHkgTyTV/LmjJwX5935mLeuONnMEfkD5/MHIdqSVA==</latexit>

Q 2 Sd(R) is symmetric definite semi positive,
<latexit sha1_base64="LIBcjYZFTr8nUbScHnDKk2CppWA="></latexit>

p 2 Rd and c 2 R.
<latexit sha1_base64="3V6b511dHbbCYG/D34NUsGl+C9U=">AAACEXicbVC7TsNAEDyHVwgvAyXNiQgpVWQHJCgjaChDRB5SbKLz+ZKccj5bd2tEZOUXaPgVGgoQoqWj42+4PApIGGml0cyudneCRHANjvNt5VZW19Y38puFre2d3T17/6Cp41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IWRgnzI9KXvMcpASN17VKCPS5x/S7EHrAHyDCRIR5jOpW9iMAgCLL6uNy1i07ZmQIvE3dOimiOWtf+8sKYphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxVJKIaT+bfjTGJ0YJcS9WpiTgqfp7IiOR1qMoMJ2TE/WiNxH/8zop9C78jMskBSbpbFEvFRhiPIkHh1wxCmJkCKGKm1sxHRBFKJgQCyYEd/HlZdKslN3TcuXmrFi9nMeRR0foGJWQi85RFV2jGmogih7RM3pFb9aT9WK9Wx+z1pw1nzlEf2B9/gBbAJwa</latexit>

Remarks :

Quadratics are fundamental in the development of numerical algorithms.
<latexit sha1_base64="enhYs7bOKQby6OSik/Rg/+PSblk="></latexit>



Gradient Descent on quadratics

Quadratic optimization
We call quadratic, any function ' of the form

<latexit sha1_base64="vxwg+oo1UjJeUOZIE75IK3Ae6CI="></latexit>

' : x 7! 1

2
x>Qx+ p>x+ c

<latexit sha1_base64="zpJ7bRyE7ifdW+vlUf2WB9EDjhI=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkChZXRTcuW7AXaGKZTCft0EkyzExKS+iruPFV3LhQpDvxZZykWWjrgYGP/z+HM+f3OKNSWdaXsba+sbm1Xdgp7u7tHxyaR8ctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXuj+9Rvj4mQNAof1ZQTN0CDkPoUI6Wlnll1xkjwIYW3cAKdAHGpIuj4AuHEniWVGZw8OSrisKHtS8gzTgn3zJJVtrKCq2DnUAJ51Xvm3OlHOA5IqDBDUnZtiys3QUJRzMis6MSScIRHaEC6GkMUEOkm2YUzeK6VPvQjoV+oYKb+nkhQIOU08HRngNRQLnup+J/XjZVfdRMa8liREC8W+TGDOoU0LtingmDFphoQFlT/FeIh0vEoHWpRh2Avn7wKrUrZvipXGtel2l0eRwGcgjNwAWxwA2rgAdRBE2DwDF7BO/gwXow349OYL1rXjHzmBPwp4/sHgAGh0A==</latexit>

where
<latexit sha1_base64="Ut2rD68dpUcU7ST87fcSO6n7/XQ=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswODUyYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvpn5jBNqISN3jOAY/ZH0leoIztJLfRnjC9HEAGuikUyi6JXcGuky8jBRJhmqn8NXuRjwJQSGXzJiW58bop0yj4BIm+XZiIGZ8yPrQslSxEIyfzo6e0FOrdGkv0rYU0pn6eyJloTHjMLCdIcOBWfSm4n9eK8HelZ8KFScIis8X9RJJMaLTBGhXaOAox5YwroW9lfIB04yjzSlvQ/AWX14m9XLJOy+V7y6Klessjhw5JifkjHjkklTILamSGuHkgTyTV/LmjJwX5935mLeuONnMEfkD5/MHIdqSVA==</latexit>

Q 2 Sd(R) is symmetric definite semi positive,
<latexit sha1_base64="LIBcjYZFTr8nUbScHnDKk2CppWA="></latexit>

p 2 Rd and c 2 R.
<latexit sha1_base64="3V6b511dHbbCYG/D34NUsGl+C9U=">AAACEXicbVC7TsNAEDyHVwgvAyXNiQgpVWQHJCgjaChDRB5SbKLz+ZKccj5bd2tEZOUXaPgVGgoQoqWj42+4PApIGGml0cyudneCRHANjvNt5VZW19Y38puFre2d3T17/6Cp41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IWRgnzI9KXvMcpASN17VKCPS5x/S7EHrAHyDCRIR5jOpW9iMAgCLL6uNy1i07ZmQIvE3dOimiOWtf+8sKYphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxVJKIaT+bfjTGJ0YJcS9WpiTgqfp7IiOR1qMoMJ2TE/WiNxH/8zop9C78jMskBSbpbFEvFRhiPIkHh1wxCmJkCKGKm1sxHRBFKJgQCyYEd/HlZdKslN3TcuXmrFi9nMeRR0foGJWQi85RFV2jGmogih7RM3pFb9aT9WK9Wx+z1pw1nzlEf2B9/gBbAJwa</latexit>

Remarks :

Quadratics are fundamental in the development of numerical algorithms.
<latexit sha1_base64="enhYs7bOKQby6OSik/Rg/+PSblk="></latexit>

When developing a numerical method, it is very common to try it first on quadratics.
<latexit sha1_base64="fYDDedJuzU+lyPFWWStXisTkgf8="></latexit>

to try it first on quadratics.
<latexit sha1_base64="oie+b1CFYJuleHmqyKyS0f/Ct7Q=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEFCUFCcYKFsYi0YfURpXjOK1Vxwn2DSKK+gUs/AoLAwixMrPxN7iPAVqOZOno3HNtn+MngmtwnG+rsLK6tr5R3Cxtbe/s7pX3D1o6ThVlTRqLWHV8opngkjWBg2CdRDES+YK1/dHVZN6+Z0rzWN5CljAvIgPJQ04JGKlfrvaAPUAOMQaVYQ445EoDji W+S0mgjItqe9wvVxzbmQIvE3dOKmiORr/81QtimkZMAhVE667rJODlRJn7BBuXeqlmCaEjMmBdQyWJmPbyaZwxrholwGGszJGAp+rvjZxEWmeRb5wRgaFenE3E/2bdFMILL+cySYFJOnsoTAWepDfd4IArRkFkhhCquPkrpkOiCAXTYMmU4C5GXiatmu2e2rWbs0r9cl5HER2hY3SCXHSO6ugaNVATUfSIntErerOerBfr3fqYWQvWfOcQ/YH1+QN4LZxd</latexit>



Gradient Descent on quadratics

Quadratic optimization
We call quadratic, any function ' of the form

<latexit sha1_base64="vxwg+oo1UjJeUOZIE75IK3Ae6CI="></latexit>

' : x 7! 1

2
x>Qx+ p>x+ c

<latexit sha1_base64="zpJ7bRyE7ifdW+vlUf2WB9EDjhI=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkChZXRTcuW7AXaGKZTCft0EkyzExKS+iruPFV3LhQpDvxZZykWWjrgYGP/z+HM+f3OKNSWdaXsba+sbm1Xdgp7u7tHxyaR8ctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXuj+9Rvj4mQNAof1ZQTN0CDkPoUI6Wlnll1xkjwIYW3cAKdAHGpIuj4AuHEniWVGZw8OSrisKHtS8gzTgn3zJJVtrKCq2DnUAJ51Xvm3OlHOA5IqDBDUnZtiys3QUJRzMis6MSScIRHaEC6GkMUEOkm2YUzeK6VPvQjoV+oYKb+nkhQIOU08HRngNRQLnup+J/XjZVfdRMa8liREC8W+TGDOoU0LtingmDFphoQFlT/FeIh0vEoHWpRh2Avn7wKrUrZvipXGtel2l0eRwGcgjNwAWxwA2rgAdRBE2DwDF7BO/gwXow349OYL1rXjHzmBPwp4/sHgAGh0A==</latexit>

where
<latexit sha1_base64="Ut2rD68dpUcU7ST87fcSO6n7/XQ=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswODUyYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvpn5jBNqISN3jOAY/ZH0leoIztJLfRnjC9HEAGuikUyi6JXcGuky8jBRJhmqn8NXuRjwJQSGXzJiW58bop0yj4BIm+XZiIGZ8yPrQslSxEIyfzo6e0FOrdGkv0rYU0pn6eyJloTHjMLCdIcOBWfSm4n9eK8HelZ8KFScIis8X9RJJMaLTBGhXaOAox5YwroW9lfIB04yjzSlvQ/AWX14m9XLJOy+V7y6Klessjhw5JifkjHjkklTILamSGuHkgTyTV/LmjJwX5935mLeuONnMEfkD5/MHIdqSVA==</latexit>

Q 2 Sd(R) is symmetric definite semi positive,
<latexit sha1_base64="LIBcjYZFTr8nUbScHnDKk2CppWA="></latexit>

p 2 Rd and c 2 R.
<latexit sha1_base64="3V6b511dHbbCYG/D34NUsGl+C9U=">AAACEXicbVC7TsNAEDyHVwgvAyXNiQgpVWQHJCgjaChDRB5SbKLz+ZKccj5bd2tEZOUXaPgVGgoQoqWj42+4PApIGGml0cyudneCRHANjvNt5VZW19Y38puFre2d3T17/6Cp41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IWRgnzI9KXvMcpASN17VKCPS5x/S7EHrAHyDCRIR5jOpW9iMAgCLL6uNy1i07ZmQIvE3dOimiOWtf+8sKYphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxVJKIaT+bfjTGJ0YJcS9WpiTgqfp7IiOR1qMoMJ2TE/WiNxH/8zop9C78jMskBSbpbFEvFRhiPIkHh1wxCmJkCKGKm1sxHRBFKJgQCyYEd/HlZdKslN3TcuXmrFi9nMeRR0foGJWQi85RFV2jGmogih7RM3pFb9aT9WK9Wx+z1pw1nzlEf2B9/gBbAJwa</latexit>

Remarks :

Quadratics are fundamental in the development of numerical algorithms.
<latexit sha1_base64="enhYs7bOKQby6OSik/Rg/+PSblk="></latexit>

We will see how the spectral properties of Q often dictate the speed of convergence of the method.
<latexit sha1_base64="a7kXRX34T2oVlste2HCP7Zh4dpI="></latexit>

the speed of convergence of the method.
<latexit sha1_base64="zj01rTaGFMMxPlXht9I7om+c6Wg=">AAACGHicbVBNSwMxFMz6bf2qevQSLIKnuquCHkUvHivYVmhLyWbftsFssiRvxbL0Z3jxr3jxoIjX3vw3ZtsetPogMJl5QzITplJY9P0vb25+YXFpeWW1tLa+sblV3t5pWJ0ZDnWupTZ3IbMghYI6CpRwlxpgSSihGd5fFXrzAYwVWt3iIIVOwnpKxIIzdFS3fNRGeMQc+0BtChBRHVOulbP0QHEoroWWAPZ1VB3SbrniV/3x0L8gmIIKmU6tWx61I82zBBRyyaxtBX6KnZwZFFzCsNTOLKSM37MetBxULAHbycfBhvTAMRGNtXFHIR2zPx05S6wdJKHbTBj27axWkP9prQzj804uVJqhizl5KM4kRU2LlmgkDHCUAwcYN8L9lfI+M4yj67LkSghmI/8FjeNqcFI9vjmtXFxO61ghe2SfHJKAnJELck1qpE44eSIv5I28e8/eq/fhfU5W57ypZ5f8Gm/0DWsun/k=</latexit>

When developing a numerical method, it is very common to try it first on quadratics.
<latexit sha1_base64="fYDDedJuzU+lyPFWWStXisTkgf8="></latexit>

to try it first on quadratics.
<latexit sha1_base64="oie+b1CFYJuleHmqyKyS0f/Ct7Q=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEFCUFCcYKFsYi0YfURpXjOK1Vxwn2DSKK+gUs/AoLAwixMrPxN7iPAVqOZOno3HNtn+MngmtwnG+rsLK6tr5R3Cxtbe/s7pX3D1o6ThVlTRqLWHV8opngkjWBg2CdRDES+YK1/dHVZN6+Z0rzWN5CljAvIgPJQ04JGKlfrvaAPUAOMQaVYQ445EoDji W+S0mgjItqe9wvVxzbmQIvE3dOKmiORr/81QtimkZMAhVE667rJODlRJn7BBuXeqlmCaEjMmBdQyWJmPbyaZwxrholwGGszJGAp+rvjZxEWmeRb5wRgaFenE3E/2bdFMILL+cySYFJOnsoTAWepDfd4IArRkFkhhCquPkrpkOiCAXTYMmU4C5GXiatmu2e2rWbs0r9cl5HER2hY3SCXHSO6ugaNVATUfSIntErerOerBfr3fqYWQvWfOcQ/YH1+QN4LZxd</latexit>



Gradient Descent on quadratics

Quadratic optimization
We call quadratic, any function ' of the form

<latexit sha1_base64="vxwg+oo1UjJeUOZIE75IK3Ae6CI="></latexit>

' : x 7! 1

2
x>Qx+ p>x+ c

<latexit sha1_base64="zpJ7bRyE7ifdW+vlUf2WB9EDjhI=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkChZXRTcuW7AXaGKZTCft0EkyzExKS+iruPFV3LhQpDvxZZykWWjrgYGP/z+HM+f3OKNSWdaXsba+sbm1Xdgp7u7tHxyaR8ctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXuj+9Rvj4mQNAof1ZQTN0CDkPoUI6Wlnll1xkjwIYW3cAKdAHGpIuj4AuHEniWVGZw8OSrisKHtS8gzTgn3zJJVtrKCq2DnUAJ51Xvm3OlHOA5IqDBDUnZtiys3QUJRzMis6MSScIRHaEC6GkMUEOkm2YUzeK6VPvQjoV+oYKb+nkhQIOU08HRngNRQLnup+J/XjZVfdRMa8liREC8W+TGDOoU0LtingmDFphoQFlT/FeIh0vEoHWpRh2Avn7wKrUrZvipXGtel2l0eRwGcgjNwAWxwA2rgAdRBE2DwDF7BO/gwXow349OYL1rXjHzmBPwp4/sHgAGh0A==</latexit>

where
<latexit sha1_base64="Ut2rD68dpUcU7ST87fcSO6n7/XQ=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswODUyYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvpn5jBNqISN3jOAY/ZH0leoIztJLfRnjC9HEAGuikUyi6JXcGuky8jBRJhmqn8NXuRjwJQSGXzJiW58bop0yj4BIm+XZiIGZ8yPrQslSxEIyfzo6e0FOrdGkv0rYU0pn6eyJloTHjMLCdIcOBWfSm4n9eK8HelZ8KFScIis8X9RJJMaLTBGhXaOAox5YwroW9lfIB04yjzSlvQ/AWX14m9XLJOy+V7y6Klessjhw5JifkjHjkklTILamSGuHkgTyTV/LmjJwX5935mLeuONnMEfkD5/MHIdqSVA==</latexit>

Q 2 Sd(R) is symmetric definite semi positive,
<latexit sha1_base64="LIBcjYZFTr8nUbScHnDKk2CppWA="></latexit>

p 2 Rd and c 2 R.
<latexit sha1_base64="3V6b511dHbbCYG/D34NUsGl+C9U=">AAACEXicbVC7TsNAEDyHVwgvAyXNiQgpVWQHJCgjaChDRB5SbKLz+ZKccj5bd2tEZOUXaPgVGgoQoqWj42+4PApIGGml0cyudneCRHANjvNt5VZW19Y38puFre2d3T17/6Cp41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IWRgnzI9KXvMcpASN17VKCPS5x/S7EHrAHyDCRIR5jOpW9iMAgCLL6uNy1i07ZmQIvE3dOimiOWtf+8sKYphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxVJKIaT+bfjTGJ0YJcS9WpiTgqfp7IiOR1qMoMJ2TE/WiNxH/8zop9C78jMskBSbpbFEvFRhiPIkHh1wxCmJkCKGKm1sxHRBFKJgQCyYEd/HlZdKslN3TcuXmrFi9nMeRR0foGJWQi85RFV2jGmogih7RM3pFb9aT9WK9Wx+z1pw1nzlEf2B9/gBbAJwa</latexit>

Remarks :

Quadratics are fundamental in the development of numerical algorithms.
<latexit sha1_base64="enhYs7bOKQby6OSik/Rg/+PSblk="></latexit>

We will see how the spectral properties of Q often dictate the speed of convergence of the method.
<latexit sha1_base64="a7kXRX34T2oVlste2HCP7Zh4dpI="></latexit>

the speed of convergence of the method.
<latexit sha1_base64="zj01rTaGFMMxPlXht9I7om+c6Wg=">AAACGHicbVBNSwMxFMz6bf2qevQSLIKnuquCHkUvHivYVmhLyWbftsFssiRvxbL0Z3jxr3jxoIjX3vw3ZtsetPogMJl5QzITplJY9P0vb25+YXFpeWW1tLa+sblV3t5pWJ0ZDnWupTZ3IbMghYI6CpRwlxpgSSihGd5fFXrzAYwVWt3iIIVOwnpKxIIzdFS3fNRGeMQc+0BtChBRHVOulbP0QHEoroWWAPZ1VB3SbrniV/3x0L8gmIIKmU6tWx61I82zBBRyyaxtBX6KnZwZFFzCsNTOLKSM37MetBxULAHbycfBhvTAMRGNtXFHIR2zPx05S6wdJKHbTBj27axWkP9prQzj804uVJqhizl5KM4kRU2LlmgkDHCUAwcYN8L9lfI+M4yj67LkSghmI/8FjeNqcFI9vjmtXFxO61ghe2SfHJKAnJELck1qpE44eSIv5I28e8/eq/fhfU5W57ypZ5f8Gm/0DWsun/k=</latexit>

When developing a numerical method, it is very common to try it first on quadratics.
<latexit sha1_base64="fYDDedJuzU+lyPFWWStXisTkgf8="></latexit>

to try it first on quadratics.
<latexit sha1_base64="oie+b1CFYJuleHmqyKyS0f/Ct7Q=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEFCUFCcYKFsYi0YfURpXjOK1Vxwn2DSKK+gUs/AoLAwixMrPxN7iPAVqOZOno3HNtn+MngmtwnG+rsLK6tr5R3Cxtbe/s7pX3D1o6ThVlTRqLWHV8opngkjWBg2CdRDES+YK1/dHVZN6+Z0rzWN5CljAvIgPJQ04JGKlfrvaAPUAOMQaVYQ445EoDji W+S0mgjItqe9wvVxzbmQIvE3dOKmiORr/81QtimkZMAhVE667rJODlRJn7BBuXeqlmCaEjMmBdQyWJmPbyaZwxrholwGGszJGAp+rvjZxEWmeRb5wRgaFenE3E/2bdFMILL+cySYFJOnsoTAWepDfd4IArRkFkhhCquPkrpkOiCAXTYMmU4C5GXiatmu2e2rWbs0r9cl5HER2hY3SCXHSO6ugaNVATUfSIntErerOerBfr3fqYWQvWfOcQ/YH1+QN4LZxd</latexit>

On quadratics 1
st
-order methods reduce to linear dynamical systems.

<latexit sha1_base64="PmPf2KmxH+n3i58tw5XJSyjBe+A="></latexit>



Gradient Descent on quadratics

Quadratic optimization
We call quadratic, any function ' of the form

<latexit sha1_base64="vxwg+oo1UjJeUOZIE75IK3Ae6CI="></latexit>

' : x 7! 1

2
x>Qx+ p>x+ c

<latexit sha1_base64="zpJ7bRyE7ifdW+vlUf2WB9EDjhI=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkChZXRTcuW7AXaGKZTCft0EkyzExKS+iruPFV3LhQpDvxZZykWWjrgYGP/z+HM+f3OKNSWdaXsba+sbm1Xdgp7u7tHxyaR8ctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXuj+9Rvj4mQNAof1ZQTN0CDkPoUI6Wlnll1xkjwIYW3cAKdAHGpIuj4AuHEniWVGZw8OSrisKHtS8gzTgn3zJJVtrKCq2DnUAJ51Xvm3OlHOA5IqDBDUnZtiys3QUJRzMis6MSScIRHaEC6GkMUEOkm2YUzeK6VPvQjoV+oYKb+nkhQIOU08HRngNRQLnup+J/XjZVfdRMa8liREC8W+TGDOoU0LtingmDFphoQFlT/FeIh0vEoHWpRh2Avn7wKrUrZvipXGtel2l0eRwGcgjNwAWxwA2rgAdRBE2DwDF7BO/gwXow349OYL1rXjHzmBPwp4/sHgAGh0A==</latexit>

where
<latexit sha1_base64="Ut2rD68dpUcU7ST87fcSO6n7/XQ=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswODUyYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvpn5jBNqISN3jOAY/ZH0leoIztJLfRnjC9HEAGuikUyi6JXcGuky8jBRJhmqn8NXuRjwJQSGXzJiW58bop0yj4BIm+XZiIGZ8yPrQslSxEIyfzo6e0FOrdGkv0rYU0pn6eyJloTHjMLCdIcOBWfSm4n9eK8HelZ8KFScIis8X9RJJMaLTBGhXaOAox5YwroW9lfIB04yjzSlvQ/AWX14m9XLJOy+V7y6Klessjhw5JifkjHjkklTILamSGuHkgTyTV/LmjJwX5935mLeuONnMEfkD5/MHIdqSVA==</latexit>

Q 2 Sd(R) is symmetric definite semi positive,
<latexit sha1_base64="LIBcjYZFTr8nUbScHnDKk2CppWA="></latexit>

p 2 Rd and c 2 R.
<latexit sha1_base64="3V6b511dHbbCYG/D34NUsGl+C9U=">AAACEXicbVC7TsNAEDyHVwgvAyXNiQgpVWQHJCgjaChDRB5SbKLz+ZKccj5bd2tEZOUXaPgVGgoQoqWj42+4PApIGGml0cyudneCRHANjvNt5VZW19Y38puFre2d3T17/6Cp41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IWRgnzI9KXvMcpASN17VKCPS5x/S7EHrAHyDCRIR5jOpW9iMAgCLL6uNy1i07ZmQIvE3dOimiOWtf+8sKYphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxVJKIaT+bfjTGJ0YJcS9WpiTgqfp7IiOR1qMoMJ2TE/WiNxH/8zop9C78jMskBSbpbFEvFRhiPIkHh1wxCmJkCKGKm1sxHRBFKJgQCyYEd/HlZdKslN3TcuXmrFi9nMeRR0foGJWQi85RFV2jGmogih7RM3pFb9aT9WK9Wx+z1pw1nzlEf2B9/gBbAJwa</latexit>

Remarks :

Quadratics are fundamental in the development of numerical algorithms.
<latexit sha1_base64="enhYs7bOKQby6OSik/Rg/+PSblk="></latexit>

Exercise : Compute the gradient of '.
<latexit sha1_base64="jWtKEnCqTh7DS6C0s5vOrJcQvBQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgqey2guJJFMFjBWsLbSnZdLYNzW6WZLa0LP0hXvwrXjwo4sWD4L8xrT1o64PA472ZyczzYykMuu6Xk1laXlldy67nNja3tnfyu3v3RiWaQ5UrqXTdZwakiKCKAiXUYw0s9CXU/P7VxK8NQBuhojscxdAKWTcSgeAMrdTOl5sIQ0yvh6C5MEDP6ZUK4wSBYg9oV7OOgAipCuiYNgdMxz1RbOcLbtGdgi4Sb0YKZIZKO//R7CiehHYSl8yYhufG2EqZRsEljHPNxEDMeJ91oWFpxEIwrXR63JgeWaVDA6Xts5tM1d8dKQuNGYW+rQwZ9sy8NxH/8xoJBmetVESTayP+81GQSIqKTpKiHaGBoxxZwrgWdlfKe0wzjjbPnA3Bmz95kdyXil65WLo9KVxczuLIkgNySI6JR07JBbkhFVIlnDyQJ/JCXp1H59l5c95/SjPOrGef/IHz+Q035qFt</latexit>

We will see how the spectral properties of Q often dictate the speed of convergence of the method.
<latexit sha1_base64="a7kXRX34T2oVlste2HCP7Zh4dpI="></latexit>

the speed of convergence of the method.
<latexit sha1_base64="zj01rTaGFMMxPlXht9I7om+c6Wg=">AAACGHicbVBNSwMxFMz6bf2qevQSLIKnuquCHkUvHivYVmhLyWbftsFssiRvxbL0Z3jxr3jxoIjX3vw3ZtsetPogMJl5QzITplJY9P0vb25+YXFpeWW1tLa+sblV3t5pWJ0ZDnWupTZ3IbMghYI6CpRwlxpgSSihGd5fFXrzAYwVWt3iIIVOwnpKxIIzdFS3fNRGeMQc+0BtChBRHVOulbP0QHEoroWWAPZ1VB3SbrniV/3x0L8gmIIKmU6tWx61I82zBBRyyaxtBX6KnZwZFFzCsNTOLKSM37MetBxULAHbycfBhvTAMRGNtXFHIR2zPx05S6wdJKHbTBj27axWkP9prQzj804uVJqhizl5KM4kRU2LlmgkDHCUAwcYN8L9lfI+M4yj67LkSghmI/8FjeNqcFI9vjmtXFxO61ghe2SfHJKAnJELck1qpE44eSIv5I28e8/eq/fhfU5W57ypZ5f8Gm/0DWsun/k=</latexit>

When developing a numerical method, it is very common to try it first on quadratics.
<latexit sha1_base64="fYDDedJuzU+lyPFWWStXisTkgf8="></latexit>

to try it first on quadratics.
<latexit sha1_base64="oie+b1CFYJuleHmqyKyS0f/Ct7Q=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEFCUFCcYKFsYi0YfURpXjOK1Vxwn2DSKK+gUs/AoLAwixMrPxN7iPAVqOZOno3HNtn+MngmtwnG+rsLK6tr5R3Cxtbe/s7pX3D1o6ThVlTRqLWHV8opngkjWBg2CdRDES+YK1/dHVZN6+Z0rzWN5CljAvIgPJQ04JGKlfrvaAPUAOMQaVYQ445EoDji W+S0mgjItqe9wvVxzbmQIvE3dOKmiORr/81QtimkZMAhVE667rJODlRJn7BBuXeqlmCaEjMmBdQyWJmPbyaZwxrholwGGszJGAp+rvjZxEWmeRb5wRgaFenE3E/2bdFMILL+cySYFJOnsoTAWepDfd4IArRkFkhhCquPkrpkOiCAXTYMmU4C5GXiatmu2e2rWbs0r9cl5HER2hY3SCXHSO6ugaNVATUfSIntErerOerBfr3fqYWQvWfOcQ/YH1+QN4LZxd</latexit>

On quadratics 1
st
-order methods reduce to linear dynamical systems.

<latexit sha1_base64="PmPf2KmxH+n3i58tw5XJSyjBe+A="></latexit>



Gradient Descent on quadratics

Quadratic optimization
We call quadratic, any function ' of the form

<latexit sha1_base64="vxwg+oo1UjJeUOZIE75IK3Ae6CI="></latexit>

' : x 7! 1

2
x>Qx+ p>x+ c

<latexit sha1_base64="zpJ7bRyE7ifdW+vlUf2WB9EDjhI=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkChZXRTcuW7AXaGKZTCft0EkyzExKS+iruPFV3LhQpDvxZZykWWjrgYGP/z+HM+f3OKNSWdaXsba+sbm1Xdgp7u7tHxyaR8ctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXuj+9Rvj4mQNAof1ZQTN0CDkPoUI6Wlnll1xkjwIYW3cAKdAHGpIuj4AuHEniWVGZw8OSrisKHtS8gzTgn3zJJVtrKCq2DnUAJ51Xvm3OlHOA5IqDBDUnZtiys3QUJRzMis6MSScIRHaEC6GkMUEOkm2YUzeK6VPvQjoV+oYKb+nkhQIOU08HRngNRQLnup+J/XjZVfdRMa8liREC8W+TGDOoU0LtingmDFphoQFlT/FeIh0vEoHWpRh2Avn7wKrUrZvipXGtel2l0eRwGcgjNwAWxwA2rgAdRBE2DwDF7BO/gwXow349OYL1rXjHzmBPwp4/sHgAGh0A==</latexit>

where
<latexit sha1_base64="Ut2rD68dpUcU7ST87fcSO6n7/XQ=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswODUyYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvpn5jBNqISN3jOAY/ZH0leoIztJLfRnjC9HEAGuikUyi6JXcGuky8jBRJhmqn8NXuRjwJQSGXzJiW58bop0yj4BIm+XZiIGZ8yPrQslSxEIyfzo6e0FOrdGkv0rYU0pn6eyJloTHjMLCdIcOBWfSm4n9eK8HelZ8KFScIis8X9RJJMaLTBGhXaOAox5YwroW9lfIB04yjzSlvQ/AWX14m9XLJOy+V7y6Klessjhw5JifkjHjkklTILamSGuHkgTyTV/LmjJwX5935mLeuONnMEfkD5/MHIdqSVA==</latexit>

Q 2 Sd(R) is symmetric definite semi positive,
<latexit sha1_base64="LIBcjYZFTr8nUbScHnDKk2CppWA="></latexit>

p 2 Rd and c 2 R.
<latexit sha1_base64="3V6b511dHbbCYG/D34NUsGl+C9U=">AAACEXicbVC7TsNAEDyHVwgvAyXNiQgpVWQHJCgjaChDRB5SbKLz+ZKccj5bd2tEZOUXaPgVGgoQoqWj42+4PApIGGml0cyudneCRHANjvNt5VZW19Y38puFre2d3T17/6Cp41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IWRgnzI9KXvMcpASN17VKCPS5x/S7EHrAHyDCRIR5jOpW9iMAgCLL6uNy1i07ZmQIvE3dOimiOWtf+8sKYphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxVJKIaT+bfjTGJ0YJcS9WpiTgqfp7IiOR1qMoMJ2TE/WiNxH/8zop9C78jMskBSbpbFEvFRhiPIkHh1wxCmJkCKGKm1sxHRBFKJgQCyYEd/HlZdKslN3TcuXmrFi9nMeRR0foGJWQi85RFV2jGmogih7RM3pFb9aT9WK9Wx+z1pw1nzlEf2B9/gBbAJwa</latexit>

Remarks :

Quadratics are fundamental in the development of numerical algorithms.
<latexit sha1_base64="enhYs7bOKQby6OSik/Rg/+PSblk="></latexit>

Exercise : Compute the gradient of '.
<latexit sha1_base64="jWtKEnCqTh7DS6C0s5vOrJcQvBQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgqey2guJJFMFjBWsLbSnZdLYNzW6WZLa0LP0hXvwrXjwo4sWD4L8xrT1o64PA472ZyczzYykMuu6Xk1laXlldy67nNja3tnfyu3v3RiWaQ5UrqXTdZwakiKCKAiXUYw0s9CXU/P7VxK8NQBuhojscxdAKWTcSgeAMrdTOl5sIQ0yvh6C5MEDP6ZUK4wSBYg9oV7OOgAipCuiYNgdMxz1RbOcLbtGdgi4Sb0YKZIZKO//R7CiehHYSl8yYhufG2EqZRsEljHPNxEDMeJ91oWFpxEIwrXR63JgeWaVDA6Xts5tM1d8dKQuNGYW+rQwZ9sy8NxH/8xoJBmetVESTayP+81GQSIqKTpKiHaGBoxxZwrgWdlfKe0wzjjbPnA3Bmz95kdyXil65WLo9KVxczuLIkgNySI6JR07JBbkhFVIlnDyQJ/JCXp1H59l5c95/SjPOrGef/IHz+Q035qFt</latexit>

We will see how the spectral properties of Q often dictate the speed of convergence of the method.
<latexit sha1_base64="a7kXRX34T2oVlste2HCP7Zh4dpI="></latexit>

the speed of convergence of the method.
<latexit sha1_base64="zj01rTaGFMMxPlXht9I7om+c6Wg=">AAACGHicbVBNSwMxFMz6bf2qevQSLIKnuquCHkUvHivYVmhLyWbftsFssiRvxbL0Z3jxr3jxoIjX3vw3ZtsetPogMJl5QzITplJY9P0vb25+YXFpeWW1tLa+sblV3t5pWJ0ZDnWupTZ3IbMghYI6CpRwlxpgSSihGd5fFXrzAYwVWt3iIIVOwnpKxIIzdFS3fNRGeMQc+0BtChBRHVOulbP0QHEoroWWAPZ1VB3SbrniV/3x0L8gmIIKmU6tWx61I82zBBRyyaxtBX6KnZwZFFzCsNTOLKSM37MetBxULAHbycfBhvTAMRGNtXFHIR2zPx05S6wdJKHbTBj27axWkP9prQzj804uVJqhizl5KM4kRU2LlmgkDHCUAwcYN8L9lfI+M4yj67LkSghmI/8FjeNqcFI9vjmtXFxO61ghe2SfHJKAnJELck1qpE44eSIv5I28e8/eq/fhfU5W57ypZ5f8Gm/0DWsun/k=</latexit>

When developing a numerical method, it is very common to try it first on quadratics.
<latexit sha1_base64="fYDDedJuzU+lyPFWWStXisTkgf8="></latexit>

to try it first on quadratics.
<latexit sha1_base64="oie+b1CFYJuleHmqyKyS0f/Ct7Q=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEFCUFCcYKFsYi0YfURpXjOK1Vxwn2DSKK+gUs/AoLAwixMrPxN7iPAVqOZOno3HNtn+MngmtwnG+rsLK6tr5R3Cxtbe/s7pX3D1o6ThVlTRqLWHV8opngkjWBg2CdRDES+YK1/dHVZN6+Z0rzWN5CljAvIgPJQ04JGKlfrvaAPUAOMQaVYQ445EoDji W+S0mgjItqe9wvVxzbmQIvE3dOKmiORr/81QtimkZMAhVE667rJODlRJn7BBuXeqlmCaEjMmBdQyWJmPbyaZwxrholwGGszJGAp+rvjZxEWmeRb5wRgaFenE3E/2bdFMILL+cySYFJOnsoTAWepDfd4IArRkFkhhCquPkrpkOiCAXTYMmU4C5GXiatmu2e2rWbs0r9cl5HER2hY3SCXHSO6ugaNVATUfSIntErerOerBfr3fqYWQvWfOcQ/YH1+QN4LZxd</latexit>

On quadratics 1
st
-order methods reduce to linear dynamical systems.

<latexit sha1_base64="PmPf2KmxH+n3i58tw5XJSyjBe+A="></latexit>

OLS constitute a standard example of quadratic optimization.
<latexit sha1_base64="H2nYICZH4bcoZdBkMkCh+GsAONM="></latexit>



Gradient Descent on quadratics

Quadratic optimization
We call quadratic, any function ' of the form

<latexit sha1_base64="vxwg+oo1UjJeUOZIE75IK3Ae6CI="></latexit>

' : x 7! 1

2
x>Qx+ p>x+ c

<latexit sha1_base64="zpJ7bRyE7ifdW+vlUf2WB9EDjhI=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkChZXRTcuW7AXaGKZTCft0EkyzExKS+iruPFV3LhQpDvxZZykWWjrgYGP/z+HM+f3OKNSWdaXsba+sbm1Xdgp7u7tHxyaR8ctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXuj+9Rvj4mQNAof1ZQTN0CDkPoUI6Wlnll1xkjwIYW3cAKdAHGpIuj4AuHEniWVGZw8OSrisKHtS8gzTgn3zJJVtrKCq2DnUAJ51Xvm3OlHOA5IqDBDUnZtiys3QUJRzMis6MSScIRHaEC6GkMUEOkm2YUzeK6VPvQjoV+oYKb+nkhQIOU08HRngNRQLnup+J/XjZVfdRMa8liREC8W+TGDOoU0LtingmDFphoQFlT/FeIh0vEoHWpRh2Avn7wKrUrZvipXGtel2l0eRwGcgjNwAWxwA2rgAdRBE2DwDF7BO/gwXow349OYL1rXjHzmBPwp4/sHgAGh0A==</latexit>

where
<latexit sha1_base64="Ut2rD68dpUcU7ST87fcSO6n7/XQ=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswODUyYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvpn5jBNqISN3jOAY/ZH0leoIztJLfRnjC9HEAGuikUyi6JXcGuky8jBRJhmqn8NXuRjwJQSGXzJiW58bop0yj4BIm+XZiIGZ8yPrQslSxEIyfzo6e0FOrdGkv0rYU0pn6eyJloTHjMLCdIcOBWfSm4n9eK8HelZ8KFScIis8X9RJJMaLTBGhXaOAox5YwroW9lfIB04yjzSlvQ/AWX14m9XLJOy+V7y6Klessjhw5JifkjHjkklTILamSGuHkgTyTV/LmjJwX5935mLeuONnMEfkD5/MHIdqSVA==</latexit>

Q 2 Sd(R) is symmetric definite semi positive,
<latexit sha1_base64="LIBcjYZFTr8nUbScHnDKk2CppWA="></latexit>

p 2 Rd and c 2 R.
<latexit sha1_base64="3V6b511dHbbCYG/D34NUsGl+C9U=">AAACEXicbVC7TsNAEDyHVwgvAyXNiQgpVWQHJCgjaChDRB5SbKLz+ZKccj5bd2tEZOUXaPgVGgoQoqWj42+4PApIGGml0cyudneCRHANjvNt5VZW19Y38puFre2d3T17/6Cp41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IWRgnzI9KXvMcpASN17VKCPS5x/S7EHrAHyDCRIR5jOpW9iMAgCLL6uNy1i07ZmQIvE3dOimiOWtf+8sKYphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxVJKIaT+bfjTGJ0YJcS9WpiTgqfp7IiOR1qMoMJ2TE/WiNxH/8zop9C78jMskBSbpbFEvFRhiPIkHh1wxCmJkCKGKm1sxHRBFKJgQCyYEd/HlZdKslN3TcuXmrFi9nMeRR0foGJWQi85RFV2jGmogih7RM3pFb9aT9WK9Wx+z1pw1nzlEf2B9/gBbAJwa</latexit>

Remarks :

Quadratics are fundamental in the development of numerical algorithms.
<latexit sha1_base64="enhYs7bOKQby6OSik/Rg/+PSblk="></latexit>

Exercise : Compute the gradient of '.
<latexit sha1_base64="jWtKEnCqTh7DS6C0s5vOrJcQvBQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgqey2guJJFMFjBWsLbSnZdLYNzW6WZLa0LP0hXvwrXjwo4sWD4L8xrT1o64PA472ZyczzYykMuu6Xk1laXlldy67nNja3tnfyu3v3RiWaQ5UrqXTdZwakiKCKAiXUYw0s9CXU/P7VxK8NQBuhojscxdAKWTcSgeAMrdTOl5sIQ0yvh6C5MEDP6ZUK4wSBYg9oV7OOgAipCuiYNgdMxz1RbOcLbtGdgi4Sb0YKZIZKO//R7CiehHYSl8yYhufG2EqZRsEljHPNxEDMeJ91oWFpxEIwrXR63JgeWaVDA6Xts5tM1d8dKQuNGYW+rQwZ9sy8NxH/8xoJBmetVESTayP+81GQSIqKTpKiHaGBoxxZwrgWdlfKe0wzjjbPnA3Bmz95kdyXil65WLo9KVxczuLIkgNySI6JR07JBbkhFVIlnDyQJ/JCXp1H59l5c95/SjPOrGef/IHz+Q035qFt</latexit>

We will see how the spectral properties of Q often dictate the speed of convergence of the method.
<latexit sha1_base64="a7kXRX34T2oVlste2HCP7Zh4dpI="></latexit>

the speed of convergence of the method.
<latexit sha1_base64="zj01rTaGFMMxPlXht9I7om+c6Wg=">AAACGHicbVBNSwMxFMz6bf2qevQSLIKnuquCHkUvHivYVmhLyWbftsFssiRvxbL0Z3jxr3jxoIjX3vw3ZtsetPogMJl5QzITplJY9P0vb25+YXFpeWW1tLa+sblV3t5pWJ0ZDnWupTZ3IbMghYI6CpRwlxpgSSihGd5fFXrzAYwVWt3iIIVOwnpKxIIzdFS3fNRGeMQc+0BtChBRHVOulbP0QHEoroWWAPZ1VB3SbrniV/3x0L8gmIIKmU6tWx61I82zBBRyyaxtBX6KnZwZFFzCsNTOLKSM37MetBxULAHbycfBhvTAMRGNtXFHIR2zPx05S6wdJKHbTBj27axWkP9prQzj804uVJqhizl5KM4kRU2LlmgkDHCUAwcYN8L9lfI+M4yj67LkSghmI/8FjeNqcFI9vjmtXFxO61ghe2SfHJKAnJELck1qpE44eSIv5I28e8/eq/fhfU5W57ypZ5f8Gm/0DWsun/k=</latexit>

When developing a numerical method, it is very common to try it first on quadratics.
<latexit sha1_base64="fYDDedJuzU+lyPFWWStXisTkgf8="></latexit>

to try it first on quadratics.
<latexit sha1_base64="oie+b1CFYJuleHmqyKyS0f/Ct7Q=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEFCUFCcYKFsYi0YfURpXjOK1Vxwn2DSKK+gUs/AoLAwixMrPxN7iPAVqOZOno3HNtn+MngmtwnG+rsLK6tr5R3Cxtbe/s7pX3D1o6ThVlTRqLWHV8opngkjWBg2CdRDES+YK1/dHVZN6+Z0rzWN5CljAvIgPJQ04JGKlfrvaAPUAOMQaVYQ445EoDji W+S0mgjItqe9wvVxzbmQIvE3dOKmiORr/81QtimkZMAhVE667rJODlRJn7BBuXeqlmCaEjMmBdQyWJmPbyaZwxrholwGGszJGAp+rvjZxEWmeRb5wRgaFenE3E/2bdFMILL+cySYFJOnsoTAWepDfd4IArRkFkhhCquPkrpkOiCAXTYMmU4C5GXiatmu2e2rWbs0r9cl5HER2hY3SCXHSO6ugaNVATUfSIntErerOerBfr3fqYWQvWfOcQ/YH1+QN4LZxd</latexit>

On quadratics 1
st
-order methods reduce to linear dynamical systems.

<latexit sha1_base64="PmPf2KmxH+n3i58tw5XJSyjBe+A="></latexit>

OLS constitute a standard example of quadratic optimization.
<latexit sha1_base64="H2nYICZH4bcoZdBkMkCh+GsAONM="></latexit>

Proposition: Gradient descent on quadratics

Let (xn)n�0 be the sequence generated by (GD) on fQ, initialized at x0 2 Rd, with a constant stepsize �  2

L
.

<latexit sha1_base64="eVFuswbyEK/WB9Sfg7qqBjkzOZA="></latexit>

initialized at x0 2 Rd, with a constant stepsize �  2

L
.

<latexit sha1_base64="CJ5jTA2vA+hu0J5tWEbIpjMS5vI="></latexit>

Let fQ : x 7! 1

2
(x� x?)>Q(x� x?), where x? 2 Rd.

<latexit sha1_base64="WIsmTEhL6d4sMkRnE1LW1b79ScQ="></latexit>

Let Q 2 S++
d (R), µ = min Sp(Q), and L = maxSp(Q).

<latexit sha1_base64="78oO+gs7K2jsQKQZYb1q/gvsqoU="></latexit>

Then, for all n 2 N,
<latexit sha1_base64="oCj3NYjK13/ANX9Tw4OMN/PRgE8=">AAACEXicbVC7SgNBFJ31GeMramkzGAQLCbsqaBm0sZIIeQjZEGYnd83g7Owyc1cMS37Bxl+xsVDE1s7Ov3GySaGJBwYO59zLnHuCRAqDrvvtzM0vLC4tF1aKq2vrG5ulre2miVPNocFjGeubgBmQQkEDBUq4STSwKJDQCu4uRn7rHrQRsarjIIFOxG6VCAVnaKVu6cBHeMCs3gd1SMNYUyYlHVJFfWFfxLAfBNnV8JB2S2W34uags8SbkDKZoNYtffm9mKcRKOSSGdP23AQ7GdMouIRh0U8NJIzfsVtoW6pYBKaT5RcN6b5VenmeMFZIc/X3RsYiYwZRYCdHGc20NxL/89ophmedTKgkRVB8/FGYSooxHdVDe0IDRzmwhHEtbFbK+0wzjrbEoi3Bmz55ljSPKt5x5ej6pFw9n9RRILtkjxwQj5ySKrkkNdIgnDySZ/JK3pwn58V5dz7Go3POZGeH/IHz+QO/gpxQ</latexit>

kxn � x?k  (1� �µ)n kx0 � x?k.
<latexit sha1_base64="Hezb+6zSpouxK81r6Lau+ycj878="></latexit>



Gradient Descent on quadratics

Quadratic optimization
We call quadratic, any function ' of the form

<latexit sha1_base64="vxwg+oo1UjJeUOZIE75IK3Ae6CI="></latexit>

' : x 7! 1

2
x>Qx+ p>x+ c

<latexit sha1_base64="zpJ7bRyE7ifdW+vlUf2WB9EDjhI=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkChZXRTcuW7AXaGKZTCft0EkyzExKS+iruPFV3LhQpDvxZZykWWjrgYGP/z+HM+f3OKNSWdaXsba+sbm1Xdgp7u7tHxyaR8ctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXuj+9Rvj4mQNAof1ZQTN0CDkPoUI6Wlnll1xkjwIYW3cAKdAHGpIuj4AuHEniWVGZw8OSrisKHtS8gzTgn3zJJVtrKCq2DnUAJ51Xvm3OlHOA5IqDBDUnZtiys3QUJRzMis6MSScIRHaEC6GkMUEOkm2YUzeK6VPvQjoV+oYKb+nkhQIOU08HRngNRQLnup+J/XjZVfdRMa8liREC8W+TGDOoU0LtingmDFphoQFlT/FeIh0vEoHWpRh2Avn7wKrUrZvipXGtel2l0eRwGcgjNwAWxwA2rgAdRBE2DwDF7BO/gwXow349OYL1rXjHzmBPwp4/sHgAGh0A==</latexit>

where
<latexit sha1_base64="Ut2rD68dpUcU7ST87fcSO6n7/XQ=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswODUyYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvpn5jBNqISN3jOAY/ZH0leoIztJLfRnjC9HEAGuikUyi6JXcGuky8jBRJhmqn8NXuRjwJQSGXzJiW58bop0yj4BIm+XZiIGZ8yPrQslSxEIyfzo6e0FOrdGkv0rYU0pn6eyJloTHjMLCdIcOBWfSm4n9eK8HelZ8KFScIis8X9RJJMaLTBGhXaOAox5YwroW9lfIB04yjzSlvQ/AWX14m9XLJOy+V7y6Klessjhw5JifkjHjkklTILamSGuHkgTyTV/LmjJwX5935mLeuONnMEfkD5/MHIdqSVA==</latexit>

Q 2 Sd(R) is symmetric definite semi positive,
<latexit sha1_base64="LIBcjYZFTr8nUbScHnDKk2CppWA="></latexit>

p 2 Rd and c 2 R.
<latexit sha1_base64="3V6b511dHbbCYG/D34NUsGl+C9U=">AAACEXicbVC7TsNAEDyHVwgvAyXNiQgpVWQHJCgjaChDRB5SbKLz+ZKccj5bd2tEZOUXaPgVGgoQoqWj42+4PApIGGml0cyudneCRHANjvNt5VZW19Y38puFre2d3T17/6Cp41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IWRgnzI9KXvMcpASN17VKCPS5x/S7EHrAHyDCRIR5jOpW9iMAgCLL6uNy1i07ZmQIvE3dOimiOWtf+8sKYphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxVJKIaT+bfjTGJ0YJcS9WpiTgqfp7IiOR1qMoMJ2TE/WiNxH/8zop9C78jMskBSbpbFEvFRhiPIkHh1wxCmJkCKGKm1sxHRBFKJgQCyYEd/HlZdKslN3TcuXmrFi9nMeRR0foGJWQi85RFV2jGmogih7RM3pFb9aT9WK9Wx+z1pw1nzlEf2B9/gBbAJwa</latexit>

Remarks :

Quadratics are fundamental in the development of numerical algorithms.
<latexit sha1_base64="enhYs7bOKQby6OSik/Rg/+PSblk="></latexit>

Exercise : Compute the gradient of '.
<latexit sha1_base64="jWtKEnCqTh7DS6C0s5vOrJcQvBQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgqey2guJJFMFjBWsLbSnZdLYNzW6WZLa0LP0hXvwrXjwo4sWD4L8xrT1o64PA472ZyczzYykMuu6Xk1laXlldy67nNja3tnfyu3v3RiWaQ5UrqXTdZwakiKCKAiXUYw0s9CXU/P7VxK8NQBuhojscxdAKWTcSgeAMrdTOl5sIQ0yvh6C5MEDP6ZUK4wSBYg9oV7OOgAipCuiYNgdMxz1RbOcLbtGdgi4Sb0YKZIZKO//R7CiehHYSl8yYhufG2EqZRsEljHPNxEDMeJ91oWFpxEIwrXR63JgeWaVDA6Xts5tM1d8dKQuNGYW+rQwZ9sy8NxH/8xoJBmetVESTayP+81GQSIqKTpKiHaGBoxxZwrgWdlfKe0wzjjbPnA3Bmz95kdyXil65WLo9KVxczuLIkgNySI6JR07JBbkhFVIlnDyQJ/JCXp1H59l5c95/SjPOrGef/IHz+Q035qFt</latexit>

We will see how the spectral properties of Q often dictate the speed of convergence of the method.
<latexit sha1_base64="a7kXRX34T2oVlste2HCP7Zh4dpI="></latexit>

the speed of convergence of the method.
<latexit sha1_base64="zj01rTaGFMMxPlXht9I7om+c6Wg=">AAACGHicbVBNSwMxFMz6bf2qevQSLIKnuquCHkUvHivYVmhLyWbftsFssiRvxbL0Z3jxr3jxoIjX3vw3ZtsetPogMJl5QzITplJY9P0vb25+YXFpeWW1tLa+sblV3t5pWJ0ZDnWupTZ3IbMghYI6CpRwlxpgSSihGd5fFXrzAYwVWt3iIIVOwnpKxIIzdFS3fNRGeMQc+0BtChBRHVOulbP0QHEoroWWAPZ1VB3SbrniV/3x0L8gmIIKmU6tWx61I82zBBRyyaxtBX6KnZwZFFzCsNTOLKSM37MetBxULAHbycfBhvTAMRGNtXFHIR2zPx05S6wdJKHbTBj27axWkP9prQzj804uVJqhizl5KM4kRU2LlmgkDHCUAwcYN8L9lfI+M4yj67LkSghmI/8FjeNqcFI9vjmtXFxO61ghe2SfHJKAnJELck1qpE44eSIv5I28e8/eq/fhfU5W57ypZ5f8Gm/0DWsun/k=</latexit>

When developing a numerical method, it is very common to try it first on quadratics.
<latexit sha1_base64="fYDDedJuzU+lyPFWWStXisTkgf8="></latexit>

to try it first on quadratics.
<latexit sha1_base64="oie+b1CFYJuleHmqyKyS0f/Ct7Q=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEFCUFCcYKFsYi0YfURpXjOK1Vxwn2DSKK+gUs/AoLAwixMrPxN7iPAVqOZOno3HNtn+MngmtwnG+rsLK6tr5R3Cxtbe/s7pX3D1o6ThVlTRqLWHV8opngkjWBg2CdRDES+YK1/dHVZN6+Z0rzWN5CljAvIgPJQ04JGKlfrvaAPUAOMQaVYQ445EoDji W+S0mgjItqe9wvVxzbmQIvE3dOKmiORr/81QtimkZMAhVE667rJODlRJn7BBuXeqlmCaEjMmBdQyWJmPbyaZwxrholwGGszJGAp+rvjZxEWmeRb5wRgaFenE3E/2bdFMILL+cySYFJOnsoTAWepDfd4IArRkFkhhCquPkrpkOiCAXTYMmU4C5GXiatmu2e2rWbs0r9cl5HER2hY3SCXHSO6ugaNVATUfSIntErerOerBfr3fqYWQvWfOcQ/YH1+QN4LZxd</latexit>

On quadratics 1
st
-order methods reduce to linear dynamical systems.

<latexit sha1_base64="PmPf2KmxH+n3i58tw5XJSyjBe+A="></latexit>

OLS constitute a standard example of quadratic optimization.
<latexit sha1_base64="H2nYICZH4bcoZdBkMkCh+GsAONM="></latexit>

Proposition: Gradient descent on quadratics

Let (xn)n�0 be the sequence generated by (GD) on fQ, initialized at x0 2 Rd, with a constant stepsize �  2

L
.

<latexit sha1_base64="eVFuswbyEK/WB9Sfg7qqBjkzOZA="></latexit>

initialized at x0 2 Rd, with a constant stepsize �  2

L
.

<latexit sha1_base64="CJ5jTA2vA+hu0J5tWEbIpjMS5vI="></latexit>

Let fQ : x 7! 1

2
(x� x?)>Q(x� x?), where x? 2 Rd.

<latexit sha1_base64="WIsmTEhL6d4sMkRnE1LW1b79ScQ="></latexit>

Let Q 2 S++
d (R), µ = min Sp(Q), and L = maxSp(Q).

<latexit sha1_base64="78oO+gs7K2jsQKQZYb1q/gvsqoU="></latexit>

Then, for all n 2 N,
<latexit sha1_base64="oCj3NYjK13/ANX9Tw4OMN/PRgE8=">AAACEXicbVC7SgNBFJ31GeMramkzGAQLCbsqaBm0sZIIeQjZEGYnd83g7Owyc1cMS37Bxl+xsVDE1s7Ov3GySaGJBwYO59zLnHuCRAqDrvvtzM0vLC4tF1aKq2vrG5ulre2miVPNocFjGeubgBmQQkEDBUq4STSwKJDQCu4uRn7rHrQRsarjIIFOxG6VCAVnaKVu6cBHeMCs3gd1SMNYUyYlHVJFfWFfxLAfBNnV8JB2S2W34uags8SbkDKZoNYtffm9mKcRKOSSGdP23AQ7GdMouIRh0U8NJIzfsVtoW6pYBKaT5RcN6b5VenmeMFZIc/X3RsYiYwZRYCdHGc20NxL/89ophmedTKgkRVB8/FGYSooxHdVDe0IDRzmwhHEtbFbK+0wzjrbEoi3Bmz55ljSPKt5x5ej6pFw9n9RRILtkjxwQj5ySKrkkNdIgnDySZ/JK3pwn58V5dz7Go3POZGeH/IHz+QO/gpxQ</latexit>

kxn � x?k  (1� �µ)n kx0 � x?k.
<latexit sha1_base64="Hezb+6zSpouxK81r6Lau+ycj878="></latexit>

Proof : on the black board.



Gradient Descent on quadratics

Quadratic optimization
We call quadratic, any function ' of the form

<latexit sha1_base64="vxwg+oo1UjJeUOZIE75IK3Ae6CI="></latexit>

' : x 7! 1

2
x>Qx+ p>x+ c

<latexit sha1_base64="zpJ7bRyE7ifdW+vlUf2WB9EDjhI=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkChZXRTcuW7AXaGKZTCft0EkyzExKS+iruPFV3LhQpDvxZZykWWjrgYGP/z+HM+f3OKNSWdaXsba+sbm1Xdgp7u7tHxyaR8ctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXuj+9Rvj4mQNAof1ZQTN0CDkPoUI6Wlnll1xkjwIYW3cAKdAHGpIuj4AuHEniWVGZw8OSrisKHtS8gzTgn3zJJVtrKCq2DnUAJ51Xvm3OlHOA5IqDBDUnZtiys3QUJRzMis6MSScIRHaEC6GkMUEOkm2YUzeK6VPvQjoV+oYKb+nkhQIOU08HRngNRQLnup+J/XjZVfdRMa8liREC8W+TGDOoU0LtingmDFphoQFlT/FeIh0vEoHWpRh2Avn7wKrUrZvipXGtel2l0eRwGcgjNwAWxwA2rgAdRBE2DwDF7BO/gwXow349OYL1rXjHzmBPwp4/sHgAGh0A==</latexit>

where
<latexit sha1_base64="Ut2rD68dpUcU7ST87fcSO6n7/XQ=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswODUyYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvpn5jBNqISN3jOAY/ZH0leoIztJLfRnjC9HEAGuikUyi6JXcGuky8jBRJhmqn8NXuRjwJQSGXzJiW58bop0yj4BIm+XZiIGZ8yPrQslSxEIyfzo6e0FOrdGkv0rYU0pn6eyJloTHjMLCdIcOBWfSm4n9eK8HelZ8KFScIis8X9RJJMaLTBGhXaOAox5YwroW9lfIB04yjzSlvQ/AWX14m9XLJOy+V7y6Klessjhw5JifkjHjkklTILamSGuHkgTyTV/LmjJwX5935mLeuONnMEfkD5/MHIdqSVA==</latexit>

Q 2 Sd(R) is symmetric definite semi positive,
<latexit sha1_base64="LIBcjYZFTr8nUbScHnDKk2CppWA="></latexit>

p 2 Rd and c 2 R.
<latexit sha1_base64="3V6b511dHbbCYG/D34NUsGl+C9U=">AAACEXicbVC7TsNAEDyHVwgvAyXNiQgpVWQHJCgjaChDRB5SbKLz+ZKccj5bd2tEZOUXaPgVGgoQoqWj42+4PApIGGml0cyudneCRHANjvNt5VZW19Y38puFre2d3T17/6Cp41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IWRgnzI9KXvMcpASN17VKCPS5x/S7EHrAHyDCRIR5jOpW9iMAgCLL6uNy1i07ZmQIvE3dOimiOWtf+8sKYphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxVJKIaT+bfjTGJ0YJcS9WpiTgqfp7IiOR1qMoMJ2TE/WiNxH/8zop9C78jMskBSbpbFEvFRhiPIkHh1wxCmJkCKGKm1sxHRBFKJgQCyYEd/HlZdKslN3TcuXmrFi9nMeRR0foGJWQi85RFV2jGmogih7RM3pFb9aT9WK9Wx+z1pw1nzlEf2B9/gBbAJwa</latexit>

Remarks :

Quadratics are fundamental in the development of numerical algorithms.
<latexit sha1_base64="enhYs7bOKQby6OSik/Rg/+PSblk="></latexit>

Exercise : Compute the gradient of '.
<latexit sha1_base64="jWtKEnCqTh7DS6C0s5vOrJcQvBQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgqey2guJJFMFjBWsLbSnZdLYNzW6WZLa0LP0hXvwrXjwo4sWD4L8xrT1o64PA472ZyczzYykMuu6Xk1laXlldy67nNja3tnfyu3v3RiWaQ5UrqXTdZwakiKCKAiXUYw0s9CXU/P7VxK8NQBuhojscxdAKWTcSgeAMrdTOl5sIQ0yvh6C5MEDP6ZUK4wSBYg9oV7OOgAipCuiYNgdMxz1RbOcLbtGdgi4Sb0YKZIZKO//R7CiehHYSl8yYhufG2EqZRsEljHPNxEDMeJ91oWFpxEIwrXR63JgeWaVDA6Xts5tM1d8dKQuNGYW+rQwZ9sy8NxH/8xoJBmetVESTayP+81GQSIqKTpKiHaGBoxxZwrgWdlfKe0wzjjbPnA3Bmz95kdyXil65WLo9KVxczuLIkgNySI6JR07JBbkhFVIlnDyQJ/JCXp1H59l5c95/SjPOrGef/IHz+Q035qFt</latexit>

We will see how the spectral properties of Q often dictate the speed of convergence of the method.
<latexit sha1_base64="a7kXRX34T2oVlste2HCP7Zh4dpI="></latexit>

the speed of convergence of the method.
<latexit sha1_base64="zj01rTaGFMMxPlXht9I7om+c6Wg=">AAACGHicbVBNSwMxFMz6bf2qevQSLIKnuquCHkUvHivYVmhLyWbftsFssiRvxbL0Z3jxr3jxoIjX3vw3ZtsetPogMJl5QzITplJY9P0vb25+YXFpeWW1tLa+sblV3t5pWJ0ZDnWupTZ3IbMghYI6CpRwlxpgSSihGd5fFXrzAYwVWt3iIIVOwnpKxIIzdFS3fNRGeMQc+0BtChBRHVOulbP0QHEoroWWAPZ1VB3SbrniV/3x0L8gmIIKmU6tWx61I82zBBRyyaxtBX6KnZwZFFzCsNTOLKSM37MetBxULAHbycfBhvTAMRGNtXFHIR2zPx05S6wdJKHbTBj27axWkP9prQzj804uVJqhizl5KM4kRU2LlmgkDHCUAwcYN8L9lfI+M4yj67LkSghmI/8FjeNqcFI9vjmtXFxO61ghe2SfHJKAnJELck1qpE44eSIv5I28e8/eq/fhfU5W57ypZ5f8Gm/0DWsun/k=</latexit>

When developing a numerical method, it is very common to try it first on quadratics.
<latexit sha1_base64="fYDDedJuzU+lyPFWWStXisTkgf8="></latexit>

to try it first on quadratics.
<latexit sha1_base64="oie+b1CFYJuleHmqyKyS0f/Ct7Q=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEFCUFCcYKFsYi0YfURpXjOK1Vxwn2DSKK+gUs/AoLAwixMrPxN7iPAVqOZOno3HNtn+MngmtwnG+rsLK6tr5R3Cxtbe/s7pX3D1o6ThVlTRqLWHV8opngkjWBg2CdRDES+YK1/dHVZN6+Z0rzWN5CljAvIgPJQ04JGKlfrvaAPUAOMQaVYQ445EoDji W+S0mgjItqe9wvVxzbmQIvE3dOKmiORr/81QtimkZMAhVE667rJODlRJn7BBuXeqlmCaEjMmBdQyWJmPbyaZwxrholwGGszJGAp+rvjZxEWmeRb5wRgaFenE3E/2bdFMILL+cySYFJOnsoTAWepDfd4IArRkFkhhCquPkrpkOiCAXTYMmU4C5GXiatmu2e2rWbs0r9cl5HER2hY3SCXHSO6ugaNVATUfSIntErerOerBfr3fqYWQvWfOcQ/YH1+QN4LZxd</latexit>

On quadratics 1
st
-order methods reduce to linear dynamical systems.

<latexit sha1_base64="PmPf2KmxH+n3i58tw5XJSyjBe+A="></latexit>

OLS constitute a standard example of quadratic optimization.
<latexit sha1_base64="H2nYICZH4bcoZdBkMkCh+GsAONM="></latexit>

Proposition: Gradient descent on quadratics

Let (xn)n�0 be the sequence generated by (GD) on fQ, initialized at x0 2 Rd, with a constant stepsize �  2

L
.

<latexit sha1_base64="eVFuswbyEK/WB9Sfg7qqBjkzOZA="></latexit>

initialized at x0 2 Rd, with a constant stepsize �  2

L
.

<latexit sha1_base64="CJ5jTA2vA+hu0J5tWEbIpjMS5vI="></latexit>

Let fQ : x 7! 1

2
(x� x?)>Q(x� x?), where x? 2 Rd.

<latexit sha1_base64="WIsmTEhL6d4sMkRnE1LW1b79ScQ="></latexit>

Let Q 2 S++
d (R), µ = min Sp(Q), and L = maxSp(Q).

<latexit sha1_base64="78oO+gs7K2jsQKQZYb1q/gvsqoU="></latexit>

Then, for all n 2 N,
<latexit sha1_base64="oCj3NYjK13/ANX9Tw4OMN/PRgE8=">AAACEXicbVC7SgNBFJ31GeMramkzGAQLCbsqaBm0sZIIeQjZEGYnd83g7Owyc1cMS37Bxl+xsVDE1s7Ov3GySaGJBwYO59zLnHuCRAqDrvvtzM0vLC4tF1aKq2vrG5ulre2miVPNocFjGeubgBmQQkEDBUq4STSwKJDQCu4uRn7rHrQRsarjIIFOxG6VCAVnaKVu6cBHeMCs3gd1SMNYUyYlHVJFfWFfxLAfBNnV8JB2S2W34uags8SbkDKZoNYtffm9mKcRKOSSGdP23AQ7GdMouIRh0U8NJIzfsVtoW6pYBKaT5RcN6b5VenmeMFZIc/X3RsYiYwZRYCdHGc20NxL/89ophmedTKgkRVB8/FGYSooxHdVDe0IDRzmwhHEtbFbK+0wzjrbEoi3Bmz55ljSPKt5x5ej6pFw9n9RRILtkjxwQj5ySKrkkNdIgnDySZ/JK3pwn58V5dz7Go3POZGeH/IHz+QO/gpxQ</latexit>

kxn � x?k  (1� �µ)n kx0 � x?k.
<latexit sha1_base64="Hezb+6zSpouxK81r6Lau+ycj878="></latexit>

Remarks :

Therefore for any positive definite matrix, the convergence of 
(GD) occurs at a geometric rate. Optimisers like to describe 
convergence rates in log scale. In our case : 

We say that (GD) achieves linear convergence.

log(kxn � x?k)  n log

✓
L� µ

L+ µ

◆
+ log ( kx0 � x?k) .

<latexit sha1_base64="OJgN3pGnBGfyiZA/Ql62x05yY7g="></latexit>

Proof : on the black board.



Gradient Descent on quadratics

Quadratic optimization
We call quadratic, any function ' of the form

<latexit sha1_base64="vxwg+oo1UjJeUOZIE75IK3Ae6CI="></latexit>

' : x 7! 1

2
x>Qx+ p>x+ c

<latexit sha1_base64="zpJ7bRyE7ifdW+vlUf2WB9EDjhI=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkChZXRTcuW7AXaGKZTCft0EkyzExKS+iruPFV3LhQpDvxZZykWWjrgYGP/z+HM+f3OKNSWdaXsba+sbm1Xdgp7u7tHxyaR8ctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXuj+9Rvj4mQNAof1ZQTN0CDkPoUI6Wlnll1xkjwIYW3cAKdAHGpIuj4AuHEniWVGZw8OSrisKHtS8gzTgn3zJJVtrKCq2DnUAJ51Xvm3OlHOA5IqDBDUnZtiys3QUJRzMis6MSScIRHaEC6GkMUEOkm2YUzeK6VPvQjoV+oYKb+nkhQIOU08HRngNRQLnup+J/XjZVfdRMa8liREC8W+TGDOoU0LtingmDFphoQFlT/FeIh0vEoHWpRh2Avn7wKrUrZvipXGtel2l0eRwGcgjNwAWxwA2rgAdRBE2DwDF7BO/gwXow349OYL1rXjHzmBPwp4/sHgAGh0A==</latexit>

where
<latexit sha1_base64="Ut2rD68dpUcU7ST87fcSO6n7/XQ=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswODUyYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvpn5jBNqISN3jOAY/ZH0leoIztJLfRnjC9HEAGuikUyi6JXcGuky8jBRJhmqn8NXuRjwJQSGXzJiW58bop0yj4BIm+XZiIGZ8yPrQslSxEIyfzo6e0FOrdGkv0rYU0pn6eyJloTHjMLCdIcOBWfSm4n9eK8HelZ8KFScIis8X9RJJMaLTBGhXaOAox5YwroW9lfIB04yjzSlvQ/AWX14m9XLJOy+V7y6Klessjhw5JifkjHjkklTILamSGuHkgTyTV/LmjJwX5935mLeuONnMEfkD5/MHIdqSVA==</latexit>

Q 2 Sd(R) is symmetric definite semi positive,
<latexit sha1_base64="LIBcjYZFTr8nUbScHnDKk2CppWA="></latexit>

p 2 Rd and c 2 R.
<latexit sha1_base64="3V6b511dHbbCYG/D34NUsGl+C9U=">AAACEXicbVC7TsNAEDyHVwgvAyXNiQgpVWQHJCgjaChDRB5SbKLz+ZKccj5bd2tEZOUXaPgVGgoQoqWj42+4PApIGGml0cyudneCRHANjvNt5VZW19Y38puFre2d3T17/6Cp41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IWRgnzI9KXvMcpASN17VKCPS5x/S7EHrAHyDCRIR5jOpW9iMAgCLL6uNy1i07ZmQIvE3dOimiOWtf+8sKYphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxVJKIaT+bfjTGJ0YJcS9WpiTgqfp7IiOR1qMoMJ2TE/WiNxH/8zop9C78jMskBSbpbFEvFRhiPIkHh1wxCmJkCKGKm1sxHRBFKJgQCyYEd/HlZdKslN3TcuXmrFi9nMeRR0foGJWQi85RFV2jGmogih7RM3pFb9aT9WK9Wx+z1pw1nzlEf2B9/gBbAJwa</latexit>

Remarks :

Quadratics are fundamental in the development of numerical algorithms.
<latexit sha1_base64="enhYs7bOKQby6OSik/Rg/+PSblk="></latexit>

Exercise : Compute the gradient of '.
<latexit sha1_base64="jWtKEnCqTh7DS6C0s5vOrJcQvBQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgqey2guJJFMFjBWsLbSnZdLYNzW6WZLa0LP0hXvwrXjwo4sWD4L8xrT1o64PA472ZyczzYykMuu6Xk1laXlldy67nNja3tnfyu3v3RiWaQ5UrqXTdZwakiKCKAiXUYw0s9CXU/P7VxK8NQBuhojscxdAKWTcSgeAMrdTOl5sIQ0yvh6C5MEDP6ZUK4wSBYg9oV7OOgAipCuiYNgdMxz1RbOcLbtGdgi4Sb0YKZIZKO//R7CiehHYSl8yYhufG2EqZRsEljHPNxEDMeJ91oWFpxEIwrXR63JgeWaVDA6Xts5tM1d8dKQuNGYW+rQwZ9sy8NxH/8xoJBmetVESTayP+81GQSIqKTpKiHaGBoxxZwrgWdlfKe0wzjjbPnA3Bmz95kdyXil65WLo9KVxczuLIkgNySI6JR07JBbkhFVIlnDyQJ/JCXp1H59l5c95/SjPOrGef/IHz+Q035qFt</latexit>

We will see how the spectral properties of Q often dictate the speed of convergence of the method.
<latexit sha1_base64="a7kXRX34T2oVlste2HCP7Zh4dpI="></latexit>

the speed of convergence of the method.
<latexit sha1_base64="zj01rTaGFMMxPlXht9I7om+c6Wg=">AAACGHicbVBNSwMxFMz6bf2qevQSLIKnuquCHkUvHivYVmhLyWbftsFssiRvxbL0Z3jxr3jxoIjX3vw3ZtsetPogMJl5QzITplJY9P0vb25+YXFpeWW1tLa+sblV3t5pWJ0ZDnWupTZ3IbMghYI6CpRwlxpgSSihGd5fFXrzAYwVWt3iIIVOwnpKxIIzdFS3fNRGeMQc+0BtChBRHVOulbP0QHEoroWWAPZ1VB3SbrniV/3x0L8gmIIKmU6tWx61I82zBBRyyaxtBX6KnZwZFFzCsNTOLKSM37MetBxULAHbycfBhvTAMRGNtXFHIR2zPx05S6wdJKHbTBj27axWkP9prQzj804uVJqhizl5KM4kRU2LlmgkDHCUAwcYN8L9lfI+M4yj67LkSghmI/8FjeNqcFI9vjmtXFxO61ghe2SfHJKAnJELck1qpE44eSIv5I28e8/eq/fhfU5W57ypZ5f8Gm/0DWsun/k=</latexit>

When developing a numerical method, it is very common to try it first on quadratics.
<latexit sha1_base64="fYDDedJuzU+lyPFWWStXisTkgf8="></latexit>

to try it first on quadratics.
<latexit sha1_base64="oie+b1CFYJuleHmqyKyS0f/Ct7Q=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEFCUFCcYKFsYi0YfURpXjOK1Vxwn2DSKK+gUs/AoLAwixMrPxN7iPAVqOZOno3HNtn+MngmtwnG+rsLK6tr5R3Cxtbe/s7pX3D1o6ThVlTRqLWHV8opngkjWBg2CdRDES+YK1/dHVZN6+Z0rzWN5CljAvIgPJQ04JGKlfrvaAPUAOMQaVYQ445EoDji W+S0mgjItqe9wvVxzbmQIvE3dOKmiORr/81QtimkZMAhVE667rJODlRJn7BBuXeqlmCaEjMmBdQyWJmPbyaZwxrholwGGszJGAp+rvjZxEWmeRb5wRgaFenE3E/2bdFMILL+cySYFJOnsoTAWepDfd4IArRkFkhhCquPkrpkOiCAXTYMmU4C5GXiatmu2e2rWbs0r9cl5HER2hY3SCXHSO6ugaNVATUfSIntErerOerBfr3fqYWQvWfOcQ/YH1+QN4LZxd</latexit>

On quadratics 1
st
-order methods reduce to linear dynamical systems.

<latexit sha1_base64="PmPf2KmxH+n3i58tw5XJSyjBe+A="></latexit>

OLS constitute a standard example of quadratic optimization.
<latexit sha1_base64="H2nYICZH4bcoZdBkMkCh+GsAONM="></latexit>

Proposition: Gradient descent on quadratics

Let (xn)n�0 be the sequence generated by (GD) on fQ, initialized at x0 2 Rd, with a constant stepsize �  2

L
.

<latexit sha1_base64="eVFuswbyEK/WB9Sfg7qqBjkzOZA="></latexit>

initialized at x0 2 Rd, with a constant stepsize �  2

L
.

<latexit sha1_base64="CJ5jTA2vA+hu0J5tWEbIpjMS5vI="></latexit>

Let fQ : x 7! 1

2
(x� x?)>Q(x� x?), where x? 2 Rd.

<latexit sha1_base64="WIsmTEhL6d4sMkRnE1LW1b79ScQ="></latexit>

Let Q 2 S++
d (R), µ = min Sp(Q), and L = maxSp(Q).

<latexit sha1_base64="78oO+gs7K2jsQKQZYb1q/gvsqoU="></latexit>

Then, for all n 2 N,
<latexit sha1_base64="oCj3NYjK13/ANX9Tw4OMN/PRgE8=">AAACEXicbVC7SgNBFJ31GeMramkzGAQLCbsqaBm0sZIIeQjZEGYnd83g7Owyc1cMS37Bxl+xsVDE1s7Ov3GySaGJBwYO59zLnHuCRAqDrvvtzM0vLC4tF1aKq2vrG5ulre2miVPNocFjGeubgBmQQkEDBUq4STSwKJDQCu4uRn7rHrQRsarjIIFOxG6VCAVnaKVu6cBHeMCs3gd1SMNYUyYlHVJFfWFfxLAfBNnV8JB2S2W34uags8SbkDKZoNYtffm9mKcRKOSSGdP23AQ7GdMouIRh0U8NJIzfsVtoW6pYBKaT5RcN6b5VenmeMFZIc/X3RsYiYwZRYCdHGc20NxL/89ophmedTKgkRVB8/FGYSooxHdVDe0IDRzmwhHEtbFbK+0wzjrbEoi3Bmz55ljSPKt5x5ej6pFw9n9RRILtkjxwQj5ySKrkkNdIgnDySZ/JK3pwn58V5dz7Go3POZGeH/IHz+QO/gpxQ</latexit>

kxn � x?k  (1� �µ)n kx0 � x?k.
<latexit sha1_base64="Hezb+6zSpouxK81r6Lau+ycj878="></latexit>

Remarks :

Therefore for any positive definite matrix, the convergence of 
(GD) occurs at a geometric rate. Optimisers like to describe 
convergence rates in log scale. In our case : 

We say that (GD) achieves linear convergence.

log(kxn � x?k)  n log

✓
L� µ

L+ µ

◆
+ log ( kx0 � x?k) .

<latexit sha1_base64="OJgN3pGnBGfyiZA/Ql62x05yY7g="></latexit>

Proof : on the black board.

When using the optimal stepsize � =
2

L+ µ
, the number n" of operations

<latexit sha1_base64="bB4eFClMIo95hXiYfMIU8/Ig+Mk="></latexit>

to achieve

✓
L� µ

L+ µ

◆n"

kx0 � x?k  " is n" =
1⇣

L�µ
L+µ

⌘ log

✓
kx0 � x?k

"

◆
.

<latexit sha1_base64="/S1bVsHU7G5Ey7yXiwtxXdmytak="></latexit>



Gradient Descent on quadratics

Quadratic optimization
We call quadratic, any function ' of the form

<latexit sha1_base64="vxwg+oo1UjJeUOZIE75IK3Ae6CI="></latexit>

' : x 7! 1

2
x>Qx+ p>x+ c

<latexit sha1_base64="zpJ7bRyE7ifdW+vlUf2WB9EDjhI=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkChZXRTcuW7AXaGKZTCft0EkyzExKS+iruPFV3LhQpDvxZZykWWjrgYGP/z+HM+f3OKNSWdaXsba+sbm1Xdgp7u7tHxyaR8ctGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXuj+9Rvj4mQNAof1ZQTN0CDkPoUI6Wlnll1xkjwIYW3cAKdAHGpIuj4AuHEniWVGZw8OSrisKHtS8gzTgn3zJJVtrKCq2DnUAJ51Xvm3OlHOA5IqDBDUnZtiys3QUJRzMis6MSScIRHaEC6GkMUEOkm2YUzeK6VPvQjoV+oYKb+nkhQIOU08HRngNRQLnup+J/XjZVfdRMa8liREC8W+TGDOoU0LtingmDFphoQFlT/FeIh0vEoHWpRh2Avn7wKrUrZvipXGtel2l0eRwGcgjNwAWxwA2rgAdRBE2DwDF7BO/gwXow349OYL1rXjHzmBPwp4/sHgAGh0A==</latexit>

where
<latexit sha1_base64="Ut2rD68dpUcU7ST87fcSO6n7/XQ=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV000SPRi0dM5JHAhswODUyYnV1nelGy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoDjUeyUg3A2ZACgU1FCihGWtgYSChEQxvpn5jBNqISN3jOAY/ZH0leoIztJLfRnjC9HEAGuikUyi6JXcGuky8jBRJhmqn8NXuRjwJQSGXzJiW58bop0yj4BIm+XZiIGZ8yPrQslSxEIyfzo6e0FOrdGkv0rYU0pn6eyJloTHjMLCdIcOBWfSm4n9eK8HelZ8KFScIis8X9RJJMaLTBGhXaOAox5YwroW9lfIB04yjzSlvQ/AWX14m9XLJOy+V7y6Klessjhw5JifkjHjkklTILamSGuHkgTyTV/LmjJwX5935mLeuONnMEfkD5/MHIdqSVA==</latexit>

Q 2 Sd(R) is symmetric definite semi positive,
<latexit sha1_base64="LIBcjYZFTr8nUbScHnDKk2CppWA="></latexit>

p 2 Rd and c 2 R.
<latexit sha1_base64="3V6b511dHbbCYG/D34NUsGl+C9U=">AAACEXicbVC7TsNAEDyHVwgvAyXNiQgpVWQHJCgjaChDRB5SbKLz+ZKccj5bd2tEZOUXaPgVGgoQoqWj42+4PApIGGml0cyudneCRHANjvNt5VZW19Y38puFre2d3T17/6Cp41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IWRgnzI9KXvMcpASN17VKCPS5x/S7EHrAHyDCRIR5jOpW9iMAgCLL6uNy1i07ZmQIvE3dOimiOWtf+8sKYphGTQAXRuuM6CfgZUcCpYOOCl2qWEDokfdYxVJKIaT+bfjTGJ0YJcS9WpiTgqfp7IiOR1qMoMJ2TE/WiNxH/8zop9C78jMskBSbpbFEvFRhiPIkHh1wxCmJkCKGKm1sxHRBFKJgQCyYEd/HlZdKslN3TcuXmrFi9nMeRR0foGJWQi85RFV2jGmogih7RM3pFb9aT9WK9Wx+z1pw1nzlEf2B9/gBbAJwa</latexit>

Remarks :

Quadratics are fundamental in the development of numerical algorithms.
<latexit sha1_base64="enhYs7bOKQby6OSik/Rg/+PSblk="></latexit>

Exercise : Compute the gradient of '.
<latexit sha1_base64="jWtKEnCqTh7DS6C0s5vOrJcQvBQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgqey2guJJFMFjBWsLbSnZdLYNzW6WZLa0LP0hXvwrXjwo4sWD4L8xrT1o64PA472ZyczzYykMuu6Xk1laXlldy67nNja3tnfyu3v3RiWaQ5UrqXTdZwakiKCKAiXUYw0s9CXU/P7VxK8NQBuhojscxdAKWTcSgeAMrdTOl5sIQ0yvh6C5MEDP6ZUK4wSBYg9oV7OOgAipCuiYNgdMxz1RbOcLbtGdgi4Sb0YKZIZKO//R7CiehHYSl8yYhufG2EqZRsEljHPNxEDMeJ91oWFpxEIwrXR63JgeWaVDA6Xts5tM1d8dKQuNGYW+rQwZ9sy8NxH/8xoJBmetVESTayP+81GQSIqKTpKiHaGBoxxZwrgWdlfKe0wzjjbPnA3Bmz95kdyXil65WLo9KVxczuLIkgNySI6JR07JBbkhFVIlnDyQJ/JCXp1H59l5c95/SjPOrGef/IHz+Q035qFt</latexit>

We will see how the spectral properties of Q often dictate the speed of convergence of the method.
<latexit sha1_base64="a7kXRX34T2oVlste2HCP7Zh4dpI="></latexit>

the speed of convergence of the method.
<latexit sha1_base64="zj01rTaGFMMxPlXht9I7om+c6Wg=">AAACGHicbVBNSwMxFMz6bf2qevQSLIKnuquCHkUvHivYVmhLyWbftsFssiRvxbL0Z3jxr3jxoIjX3vw3ZtsetPogMJl5QzITplJY9P0vb25+YXFpeWW1tLa+sblV3t5pWJ0ZDnWupTZ3IbMghYI6CpRwlxpgSSihGd5fFXrzAYwVWt3iIIVOwnpKxIIzdFS3fNRGeMQc+0BtChBRHVOulbP0QHEoroWWAPZ1VB3SbrniV/3x0L8gmIIKmU6tWx61I82zBBRyyaxtBX6KnZwZFFzCsNTOLKSM37MetBxULAHbycfBhvTAMRGNtXFHIR2zPx05S6wdJKHbTBj27axWkP9prQzj804uVJqhizl5KM4kRU2LlmgkDHCUAwcYN8L9lfI+M4yj67LkSghmI/8FjeNqcFI9vjmtXFxO61ghe2SfHJKAnJELck1qpE44eSIv5I28e8/eq/fhfU5W57ypZ5f8Gm/0DWsun/k=</latexit>

When developing a numerical method, it is very common to try it first on quadratics.
<latexit sha1_base64="fYDDedJuzU+lyPFWWStXisTkgf8="></latexit>

to try it first on quadratics.
<latexit sha1_base64="oie+b1CFYJuleHmqyKyS0f/Ct7Q=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEFCUFCcYKFsYi0YfURpXjOK1Vxwn2DSKK+gUs/AoLAwixMrPxN7iPAVqOZOno3HNtn+MngmtwnG+rsLK6tr5R3Cxtbe/s7pX3D1o6ThVlTRqLWHV8opngkjWBg2CdRDES+YK1/dHVZN6+Z0rzWN5CljAvIgPJQ04JGKlfrvaAPUAOMQaVYQ445EoDji W+S0mgjItqe9wvVxzbmQIvE3dOKmiORr/81QtimkZMAhVE667rJODlRJn7BBuXeqlmCaEjMmBdQyWJmPbyaZwxrholwGGszJGAp+rvjZxEWmeRb5wRgaFenE3E/2bdFMILL+cySYFJOnsoTAWepDfd4IArRkFkhhCquPkrpkOiCAXTYMmU4C5GXiatmu2e2rWbs0r9cl5HER2hY3SCXHSO6ugaNVATUfSIntErerOerBfr3fqYWQvWfOcQ/YH1+QN4LZxd</latexit>

On quadratics 1
st
-order methods reduce to linear dynamical systems.

<latexit sha1_base64="PmPf2KmxH+n3i58tw5XJSyjBe+A="></latexit>

OLS constitute a standard example of quadratic optimization.
<latexit sha1_base64="H2nYICZH4bcoZdBkMkCh+GsAONM="></latexit>

Proposition: Gradient descent on quadratics

Let (xn)n�0 be the sequence generated by (GD) on fQ, initialized at x0 2 Rd, with a constant stepsize �  2

L
.

<latexit sha1_base64="eVFuswbyEK/WB9Sfg7qqBjkzOZA="></latexit>

initialized at x0 2 Rd, with a constant stepsize �  2

L
.

<latexit sha1_base64="CJ5jTA2vA+hu0J5tWEbIpjMS5vI="></latexit>

Let fQ : x 7! 1

2
(x� x?)>Q(x� x?), where x? 2 Rd.

<latexit sha1_base64="WIsmTEhL6d4sMkRnE1LW1b79ScQ="></latexit>

Let Q 2 S++
d (R), µ = min Sp(Q), and L = maxSp(Q).

<latexit sha1_base64="78oO+gs7K2jsQKQZYb1q/gvsqoU="></latexit>

Then, for all n 2 N,
<latexit sha1_base64="oCj3NYjK13/ANX9Tw4OMN/PRgE8=">AAACEXicbVC7SgNBFJ31GeMramkzGAQLCbsqaBm0sZIIeQjZEGYnd83g7Owyc1cMS37Bxl+xsVDE1s7Ov3GySaGJBwYO59zLnHuCRAqDrvvtzM0vLC4tF1aKq2vrG5ulre2miVPNocFjGeubgBmQQkEDBUq4STSwKJDQCu4uRn7rHrQRsarjIIFOxG6VCAVnaKVu6cBHeMCs3gd1SMNYUyYlHVJFfWFfxLAfBNnV8JB2S2W34uags8SbkDKZoNYtffm9mKcRKOSSGdP23AQ7GdMouIRh0U8NJIzfsVtoW6pYBKaT5RcN6b5VenmeMFZIc/X3RsYiYwZRYCdHGc20NxL/89ophmedTKgkRVB8/FGYSooxHdVDe0IDRzmwhHEtbFbK+0wzjrbEoi3Bmz55ljSPKt5x5ej6pFw9n9RRILtkjxwQj5ySKrkkNdIgnDySZ/JK3pwn58V5dz7Go3POZGeH/IHz+QO/gpxQ</latexit>

kxn � x?k  (1� �µ)n kx0 � x?k.
<latexit sha1_base64="Hezb+6zSpouxK81r6Lau+ycj878="></latexit>

Remarks :

Therefore for any positive definite matrix, the convergence of 
(GD) occurs at a geometric rate. Optimisers like to describe 
convergence rates in log scale. In our case : 

We say that (GD) achieves linear convergence.

log(kxn � x?k)  n log

✓
L� µ

L+ µ

◆
+ log ( kx0 � x?k) .

<latexit sha1_base64="OJgN3pGnBGfyiZA/Ql62x05yY7g="></latexit>

Proof : on the black board.

When using the optimal stepsize � =
2

L+ µ
, the number n" of operations

<latexit sha1_base64="bB4eFClMIo95hXiYfMIU8/Ig+Mk="></latexit>

to achieve

✓
L� µ

L+ µ

◆n"

kx0 � x?k  " is n" =
1⇣

L�µ
L+µ

⌘ log

✓
kx0 � x?k

"

◆
.

<latexit sha1_base64="/S1bVsHU7G5Ey7yXiwtxXdmytak="></latexit>

When µ ⌧ L, a simple Taylor expansion gives log

✓
L� µ

L+ µ

◆�1

⇠ L

µ
.

<latexit sha1_base64="+C6jocA3mcbSpGFMFyKZiG831TQ="></latexit>

This quantity characterizes the best speed of convergence allowed 
by (GD) on quadratics. We will soon generalize it to non-
quadratic problems.

The constant
L

µ
= kQk · kQ�1k is called the condition number of Q.

<latexit sha1_base64="8qhb4DiJlSm8IKuwQszeG19Zbgs="></latexit>



1. Setting up an optimization problem

2. Recalls on Gradient Descent

3. The quadratic case 

4. The smooth and strongly convex case



From positive definiteness to strong convexity

Definition

Strong convexity

Let µ � 0. A function f : Rd ! Ris said to be µ-strongly
<latexit sha1_base64="yCo5pqLuZV088H6ditmZG3Ch5no="></latexit>

convex if x 7! f(x)� µ

2
kxk22 is convex.

<latexit sha1_base64="1utEegtobQ4V/P0MBPaUIPg7YtA="></latexit>



From positive definiteness to strong convexity

Definition

Strong convexity

Let µ � 0. A function f : Rd ! Ris said to be µ-strongly
<latexit sha1_base64="yCo5pqLuZV088H6ditmZG3Ch5no="></latexit>

convex if x 7! f(x)� µ

2
kxk22 is convex.

<latexit sha1_base64="1utEegtobQ4V/P0MBPaUIPg7YtA="></latexit>

Remarks :

When µ = 0, we recover the standard convexity property.
<latexit sha1_base64="q0QskhrKIJM+XpouUVlJSJn9SRQ="></latexit>



From positive definiteness to strong convexity

Definition

Strong convexity

Let µ � 0. A function f : Rd ! Ris said to be µ-strongly
<latexit sha1_base64="yCo5pqLuZV088H6ditmZG3Ch5no="></latexit>

convex if x 7! f(x)� µ

2
kxk22 is convex.

<latexit sha1_base64="1utEegtobQ4V/P0MBPaUIPg7YtA="></latexit>

Remarks :

When µ = 0, we recover the standard convexity property.
<latexit sha1_base64="q0QskhrKIJM+XpouUVlJSJn9SRQ="></latexit>

One may easily see that if f is µ1-strongly convex, for some µ1 � 0, then
<latexit sha1_base64="02dTirFul4eUjMz+93cf6a+G9c0="></latexit>

f is also µ2-strongly convex, for any µ2 � µ1.
<latexit sha1_base64="EPsBwfZOMvkzQPG7QskLlN80Ue0="></latexit>



From positive definiteness to strong convexity

Definition

Strong convexity

Let µ � 0. A function f : Rd ! Ris said to be µ-strongly
<latexit sha1_base64="yCo5pqLuZV088H6ditmZG3Ch5no="></latexit>

convex if x 7! f(x)� µ

2
kxk22 is convex.

<latexit sha1_base64="1utEegtobQ4V/P0MBPaUIPg7YtA="></latexit>

Remarks :

When µ = 0, we recover the standard convexity property.
<latexit sha1_base64="q0QskhrKIJM+XpouUVlJSJn9SRQ="></latexit>

One may easily see that if f is µ1-strongly convex, for some µ1 � 0, then
<latexit sha1_base64="02dTirFul4eUjMz+93cf6a+G9c0="></latexit>

f is also µ2-strongly convex, for any µ2 � µ1.
<latexit sha1_base64="EPsBwfZOMvkzQPG7QskLlN80Ue0="></latexit>

In non-smooth optimization, a popular class of functions is the set of weakly-convex functions
<latexit sha1_base64="OsXsn30vf0V2cC36tsSq/11lOag="></latexit>

of weakly-convex functions, for which there exists some µ � 0 such that
<latexit sha1_base64="zTBPnE2TNGpi9qnQ0Bng1MpGxps="></latexit>

x 7! f(x) +
µ

2
kxk22 is convex.

<latexit sha1_base64="PiC598Ie+Y3wkPZ9tdV1mEF1Dyw="></latexit>



From positive definiteness to strong convexity

Definition

Strong convexity

Let µ � 0. A function f : Rd ! Ris said to be µ-strongly
<latexit sha1_base64="yCo5pqLuZV088H6ditmZG3Ch5no="></latexit>

convex if x 7! f(x)� µ

2
kxk22 is convex.

<latexit sha1_base64="1utEegtobQ4V/P0MBPaUIPg7YtA="></latexit>

Remarks :

When µ = 0, we recover the standard convexity property.
<latexit sha1_base64="q0QskhrKIJM+XpouUVlJSJn9SRQ="></latexit>

Proposition

Let f : Rd ! R be a di↵erentiable function. Then
<latexit sha1_base64="xQ2Avjn91cUf7MimTJpGI5rB/ZE="></latexit>

Then
<latexit sha1_base64="bXi2ROu/1Io2PyQ4ovMoImfgCvE=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxWOEvCBZwuykkwyZnV1neoNhyXd48aCIVz/Gm3/jJNmDJhY0FFXddHcFsRQGXffbWVvf2Nzazu3kd/f2Dw4LR8cNEyWaQ51HMtKtgBmQQkEdBUpoxRpYGEhoBqO7md8cgzYiUjWcxOCHbKBEX3CGVvI7CE+Y1oag6JR2C0W35M5BV4mXkSLJUO0Wvjq9iCchKOSSGdP23Bj9lGkUXMI030kMxIyP2ADalioWgvHT+dFTem6VHu1H2pZCOld/T6QsNGYSBrYzZDg0y95M/M9rJ9i/8VOh4gRB8cWifiIpRnSWAO0JDRzlxBLGtbC3Uj5kmnG0OeVtCN7yy6ukUS55l6Xyw1WxcpvFkSOn5IxcEI9ckwq5J1VSJ5w8kmfySt6csfPivDsfi9Y1J5s5IX/gfP4AfRCR6A==</latexit>

f is µ-strongly convex , f(y) � f(x) +rf(x)>(y � x) +
µ

2
ky � xk2

<latexit sha1_base64="NmwVnl7DquQhRiXc2QdhRXLJ2cc=">AAACZXicbVFNbxMxEPUuXyFQSAviwoEREVIq1Gg3IMGxggsHDkUibaVsGnmd2Y1Vr73YsyWrTf4kN65c+Bs4yR6gZSRLb96bD/s5LZV0FEU/g/DW7Tt373Xudx883Hv0uLd/cOpMZQWOhVHGnqfcoZIaxyRJ4XlpkRepwrP08uNGP7tC66TRX6kucVrwXMtMCk6emvVWGSS ES2pAOlhDUlRtfuTIGp2rGoTRV7jciJ8xIyvzBXFrzXfIBvUhJDl+82h5CK8h0TxVfJtdJGRKGNRHOyGzXDR++LoZ+TkrTyeri9Gs14+G0TbgJohb0GdtnMx6P5K5EVWBmoTizk3iqKRpwy1JoXDdTSqHJReXPMeJh5oX6KbN1qU1vPLMHDJj/dEEW/bvjoYXztVF6isLTgt3XduQ/9MmFWXvp43UZUWoxW5RVikgAxvLYS4tCvJOziUXVvq7glhw7wj5j+l6E+LrT74JTkfD+M1w9OVt//hDa0eHPWcv2YDF7B07Zp/YCRszwX4FnWA/OAh+h3vh0/DZrjQM2p4n7J8IX/wBPQ21+w==</latexit>

, f(y) � f(x) +rf(x)>(y � x) +
µ

2
ky � xk2, 8x, y 2 Rd

<latexit sha1_base64="pcqHIDgqZAG5+y0+xIQpDghhrKo="></latexit>

One may easily see that if f is µ1-strongly convex, for some µ1 � 0, then
<latexit sha1_base64="02dTirFul4eUjMz+93cf6a+G9c0="></latexit>

f is also µ2-strongly convex, for any µ2 � µ1.
<latexit sha1_base64="EPsBwfZOMvkzQPG7QskLlN80Ue0="></latexit>

In non-smooth optimization, a popular class of functions is the set of weakly-convex functions
<latexit sha1_base64="OsXsn30vf0V2cC36tsSq/11lOag="></latexit>

of weakly-convex functions, for which there exists some µ � 0 such that
<latexit sha1_base64="zTBPnE2TNGpi9qnQ0Bng1MpGxps="></latexit>

x 7! f(x) +
µ

2
kxk22 is convex.

<latexit sha1_base64="PiC598Ie+Y3wkPZ9tdV1mEF1Dyw="></latexit>



From positive definiteness to strong convexity

Definition

Strong convexity

Let µ � 0. A function f : Rd ! Ris said to be µ-strongly
<latexit sha1_base64="yCo5pqLuZV088H6ditmZG3Ch5no="></latexit>

convex if x 7! f(x)� µ

2
kxk22 is convex.

<latexit sha1_base64="1utEegtobQ4V/P0MBPaUIPg7YtA="></latexit>

Remarks :

When µ = 0, we recover the standard convexity property.
<latexit sha1_base64="q0QskhrKIJM+XpouUVlJSJn9SRQ="></latexit>

Proposition

Proof : On the white board!

Let f : Rd ! R be a di↵erentiable function. Then
<latexit sha1_base64="xQ2Avjn91cUf7MimTJpGI5rB/ZE="></latexit>

Then
<latexit sha1_base64="bXi2ROu/1Io2PyQ4ovMoImfgCvE=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxWOEvCBZwuykkwyZnV1neoNhyXd48aCIVz/Gm3/jJNmDJhY0FFXddHcFsRQGXffbWVvf2Nzazu3kd/f2Dw4LR8cNEyWaQ51HMtKtgBmQQkEdBUpoxRpYGEhoBqO7md8cgzYiUjWcxOCHbKBEX3CGVvI7CE+Y1oag6JR2C0W35M5BV4mXkSLJUO0Wvjq9iCchKOSSGdP23Bj9lGkUXMI030kMxIyP2ADalioWgvHT+dFTem6VHu1H2pZCOld/T6QsNGYSBrYzZDg0y95M/M9rJ9i/8VOh4gRB8cWifiIpRnSWAO0JDRzlxBLGtbC3Uj5kmnG0OeVtCN7yy6ukUS55l6Xyw1WxcpvFkSOn5IxcEI9ckwq5J1VSJ5w8kmfySt6csfPivDsfi9Y1J5s5IX/gfP4AfRCR6A==</latexit>

f is µ-strongly convex , f(y) � f(x) +rf(x)>(y � x) +
µ

2
ky � xk2
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, f(y) � f(x) +rf(x)>(y � x) +
µ

2
ky � xk2, 8x, y 2 Rd

<latexit sha1_base64="pcqHIDgqZAG5+y0+xIQpDghhrKo="></latexit>

One may easily see that if f is µ1-strongly convex, for some µ1 � 0, then
<latexit sha1_base64="02dTirFul4eUjMz+93cf6a+G9c0="></latexit>

f is also µ2-strongly convex, for any µ2 � µ1.
<latexit sha1_base64="EPsBwfZOMvkzQPG7QskLlN80Ue0="></latexit>

In non-smooth optimization, a popular class of functions is the set of weakly-convex functions
<latexit sha1_base64="OsXsn30vf0V2cC36tsSq/11lOag="></latexit>

of weakly-convex functions, for which there exists some µ � 0 such that
<latexit sha1_base64="zTBPnE2TNGpi9qnQ0Bng1MpGxps="></latexit>

x 7! f(x) +
µ

2
kxk22 is convex.

<latexit sha1_base64="PiC598Ie+Y3wkPZ9tdV1mEF1Dyw="></latexit>



From positive definiteness to strong convexity

Definition

Strong convexity

Let µ � 0. A function f : Rd ! Ris said to be µ-strongly
<latexit sha1_base64="yCo5pqLuZV088H6ditmZG3Ch5no="></latexit>

convex if x 7! f(x)� µ

2
kxk22 is convex.

<latexit sha1_base64="1utEegtobQ4V/P0MBPaUIPg7YtA="></latexit>

Remarks :

When µ = 0, we recover the standard convexity property.
<latexit sha1_base64="q0QskhrKIJM+XpouUVlJSJn9SRQ="></latexit>

Proposition

Proof : On the white board!

Let f : Rd ! R be a di↵erentiable function. Then
<latexit sha1_base64="xQ2Avjn91cUf7MimTJpGI5rB/ZE="></latexit>

Then
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f is µ-strongly convex , f(y) � f(x) +rf(x)>(y � x) +
µ

2
ky � xk2
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, f(y) � f(x) +rf(x)>(y � x) +
µ

2
ky � xk2, 8x, y 2 Rd

<latexit sha1_base64="pcqHIDgqZAG5+y0+xIQpDghhrKo="></latexit>

Remarks :

When µ > 0, this means that at any point x, f can be lowerbounded by
<latexit sha1_base64="Md1FIaFL6pF6Ido8JT7QG1ebnH0="></latexit>

a quadratic tangent to f in x and of dominant coe�cient
µ

2
kyk2

<latexit sha1_base64="The4GOEAatj0TV2wLP27F0PwmRQ="></latexit>

One may easily see that if f is µ1-strongly convex, for some µ1 � 0, then
<latexit sha1_base64="02dTirFul4eUjMz+93cf6a+G9c0="></latexit>

f is also µ2-strongly convex, for any µ2 � µ1.
<latexit sha1_base64="EPsBwfZOMvkzQPG7QskLlN80Ue0="></latexit>

In non-smooth optimization, a popular class of functions is the set of weakly-convex functions
<latexit sha1_base64="OsXsn30vf0V2cC36tsSq/11lOag="></latexit>

of weakly-convex functions, for which there exists some µ � 0 such that
<latexit sha1_base64="zTBPnE2TNGpi9qnQ0Bng1MpGxps="></latexit>

x 7! f(x) +
µ

2
kxk22 is convex.

<latexit sha1_base64="PiC598Ie+Y3wkPZ9tdV1mEF1Dyw="></latexit>



From positive definiteness to strong convexity

Definition

Strong convexity

Let µ � 0. A function f : Rd ! Ris said to be µ-strongly
<latexit sha1_base64="yCo5pqLuZV088H6ditmZG3Ch5no="></latexit>

convex if x 7! f(x)� µ

2
kxk22 is convex.

<latexit sha1_base64="1utEegtobQ4V/P0MBPaUIPg7YtA="></latexit>

Remarks :

When µ = 0, we recover the standard convexity property.
<latexit sha1_base64="q0QskhrKIJM+XpouUVlJSJn9SRQ="></latexit>

Proposition

Proof : On the white board!

Let f : Rd ! R be a di↵erentiable function. Then
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Then
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f is µ-strongly convex , f(y) � f(x) +rf(x)>(y � x) +
µ

2
ky � xk2
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, f(y) � f(x) +rf(x)>(y � x) +
µ

2
ky � xk2, 8x, y 2 Rd

<latexit sha1_base64="pcqHIDgqZAG5+y0+xIQpDghhrKo="></latexit>

Remarks :

When µ > 0, this means that at any point x, f can be lowerbounded by
<latexit sha1_base64="Md1FIaFL6pF6Ido8JT7QG1ebnH0="></latexit>

a quadratic tangent to f in x and of dominant coe�cient
µ

2
kyk2

<latexit sha1_base64="The4GOEAatj0TV2wLP27F0PwmRQ="></latexit>

One may easily see that if f is µ1-strongly convex, for some µ1 � 0, then
<latexit sha1_base64="02dTirFul4eUjMz+93cf6a+G9c0="></latexit>

f is also µ2-strongly convex, for any µ2 � µ1.
<latexit sha1_base64="EPsBwfZOMvkzQPG7QskLlN80Ue0="></latexit>

In non-smooth optimization, a popular class of functions is the set of weakly-convex functions
<latexit sha1_base64="OsXsn30vf0V2cC36tsSq/11lOag="></latexit>

of weakly-convex functions, for which there exists some µ � 0 such that
<latexit sha1_base64="zTBPnE2TNGpi9qnQ0Bng1MpGxps="></latexit>

x 7! f(x) +
µ

2
kxk22 is convex.

<latexit sha1_base64="PiC598Ie+Y3wkPZ9tdV1mEF1Dyw="></latexit>

Intuitively
<latexit sha1_base64="mqCk8oklwH0oN/sgpJAuxDORHSE=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0mqoMeiF71VsB/QlrLZTtqlm03YnZSG0L/ixYMiXv0j3vw3bj8O2vpg4PHeDDPz/Fhwja77beU2Nre2d/K7hb39g8Mj+7jY0FGiGNRZJCLV8qkGwSXUkaOAVqyAhr6Apj+6m/nNMSjNI/mEaQzdkA4kDzijaKSeXewgTDB7kJhw5GMQ6bRnl9yyO4ezTrwlKZElaj37q9OPWBKCRCao1m3PjbGbUYWcCZgWOomGmLIRHUDbUElD0N1sfvvUOTdK3wkiZUqiM1d/T2Q01DoNfdMZUhzqVW8m/ue1EwxuuhmXcYIg2WJRkAgHI2cWhNPnChiK1BDKlHmeOWxIFWVo4iqYELzVl9dJo1L2LsuVx6tS9XYZR56ckjNyQTxyTarkntRInTAyIc/klbxZU+vFerc+Fq05azlzQv7A+vwBHPCVIg==</latexit>

x2
<latexit sha1_base64="IEa5cd2Bv5z/g7MVqTtHY18cY7E=">AAACFXicbZDLSgMxFIYzXmu9VV26CRbBRRlmpld3RTcuK9gLtEPJpJk2NJMZkoxYhr6EG1/FjQtF3ArufBszbRfaeiDw8f/nJCe/FzEqlWV9G2vrG5tb25md7O7e/sFh7ui4JcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vfJ367XsiJA35nZpExA3QkFOfYqS01M8Vkt7skq4Yem5imZe1ilN2CpZpWVWnWEnBqZac4vSh70z7uXxqlMt2DaaQFrSXIQ8W1ejnvnqDEMcB4QozJGXXtiLlJkgoihmZZnuxJBHCYzQkXY0cBUS6yWyhKTzXygD6odCHKzhTf08kKJByEni6M0BqJJe9VPzP68bKr7kJ5VGsCMfzh/yYQRXCNCI4oIJgxSYaEBZU7wrxCAmElQ4yq0NY+fIqtBzTLprObSlfv1rEkQGn4AxcABtUQR3cgAZoAgwewTN4BW/Gk/FivBsf89Y1YzFzAv6U8fkDF9Ga+A==</latexit>

x1
<latexit sha1_base64="1da7TKVAKeW9Ll39vgCY+hJE3B0=">AAACFXicbVDNS8MwHE39nPOr6tFLcAgexminwx2HXjxOcB/QlZJm2RaWpiVJxVH6T3jxX/HiQRGvgjf/G9OtA918EHi8937JL8+PGJXKsr6NldW19Y3NwlZxe2d3b988OGzLMBaYtHDIQtH1kSSMctJSVDHSjQRBgc9Ixx9fZ37nnghJQ36nJhFxAzTkdEAxUlryzHLSm17iiKHvJlbFsmo1u17OSIaynZP0wbNTzyzNE3CegPYiKYEcTc/86vVDHAeEK8yQlI5tRcpNkFAUM5IWe7EkEcJjNCSOphwFRLrJdKEUnmqlDweh0IcrOFV/TyQokHIS+DoZIDWSi14m/uc5sRrU3YTyKFaE49lDg5hBFcKsItingmDFJpogLKjeFeIREggrXWRRl7D05WXSrlbs80r19qLUuMrrKIBjcALOgA0uQQPcgCZoAQwewTN4BW/Gk/FivBsfs+iKkc8cgT8wPn8Ayneaxw==</latexit>

'2 : x 7! f(x2) +rf(x2)
>(x� x2) +

µ

2
kx� x2k2

<latexit sha1_base64="Q1433+3hQZ5D0I/dzl7VaQ6zBlo="></latexit>

'1 : x 7! f(x1) +rf(x1)
>(x� x1) +

µ

2
kx� x1k2

<latexit sha1_base64="1RQzj4KV8zMCPLLjzyINAi+/2Y4="></latexit>



Smoothness

Recall that…

Continuously differentiable functions can locally be 
approximated by their first-order expansion :

f(y) = f(x) +rf(x)>(y � x) + o
�
ky � xk2

�
<latexit sha1_base64="3qyJREdrgiRmxeYFPKHBD5Uo5fA="></latexit>



Smoothness

Recall that…

Continuously differentiable functions can locally be 
approximated by their first-order expansion :

f(y) = f(x) +rf(x)>(y � x) + o
�
ky � xk2

�
<latexit sha1_base64="3qyJREdrgiRmxeYFPKHBD5Uo5fA="></latexit>

The fundamental theorem of Calculus actually gives a further 
characterization : 

f(y) = f(x) +

Z 1

s=0
rf(x+ s(y � x))>(y � x)ds

<latexit sha1_base64="DqLIjvtO0FkFu5SCDn8J7CHDV4M="></latexit>



Smoothness

Recall that…

Smooth functions

Continuously differentiable functions can locally be 
approximated by their first-order expansion :

f(y) = f(x) +rf(x)>(y � x) + o
�
ky � xk2

�
<latexit sha1_base64="3qyJREdrgiRmxeYFPKHBD5Uo5fA="></latexit>

The fundamental theorem of Calculus actually gives a further 
characterization : 

f(y) = f(x) +

Z 1

s=0
rf(x+ s(y � x))>(y � x)ds

<latexit sha1_base64="DqLIjvtO0FkFu5SCDn8J7CHDV4M="></latexit>

Definition

Let ` � 0. A function f : Rd ! R is said to be `-smooth if f is
<latexit sha1_base64="ZoR5d6C7MJ+MGhzsPdysx/tkc3Q="></latexit>

di↵erentiable on Rd, and rf is `-lipschitz on Rd, i.e.
<latexit sha1_base64="DYcaIrujwOQRATMyBrEHvve44iE="></latexit>

krf(x)�rf(y)k  `kx� yk, 8x, y 2 Rd
<latexit sha1_base64="tMAjJAAisb6F0ieFLK7hJZ2dYGY="></latexit>



Smoothness

Recall that…

Smooth functions

Proposition

Let f : Rd ! R be a di↵erentiable function. Then
<latexit sha1_base64="xQ2Avjn91cUf7MimTJpGI5rB/ZE="></latexit>

Continuously differentiable functions can locally be 
approximated by their first-order expansion :

f(y) = f(x) +rf(x)>(y � x) + o
�
ky � xk2

�
<latexit sha1_base64="3qyJREdrgiRmxeYFPKHBD5Uo5fA="></latexit>

The fundamental theorem of Calculus actually gives a further 
characterization : 

f(y) = f(x) +

Z 1

s=0
rf(x+ s(y � x))>(y � x)ds

<latexit sha1_base64="DqLIjvtO0FkFu5SCDn8J7CHDV4M="></latexit>

Definition

Let ` � 0. A function f : Rd ! R is said to be `-smooth if f is
<latexit sha1_base64="ZoR5d6C7MJ+MGhzsPdysx/tkc3Q="></latexit>

di↵erentiable on Rd, and rf is `-lipschitz on Rd, i.e.
<latexit sha1_base64="DYcaIrujwOQRATMyBrEHvve44iE="></latexit>

krf(x)�rf(y)k  `kx� yk, 8x, y 2 Rd
<latexit sha1_base64="tMAjJAAisb6F0ieFLK7hJZ2dYGY="></latexit>

If f is `-smooth, then
<latexit sha1_base64="lSN7JNiNbWeTaIy64prwa/AbqG0=">AAACHHicbVC7SgNBFJ31bXxFLRUZFMFCw64WWoo22hkwiZCEMDu5awZnZ5aZu2JYUvoRNn6HnY2FIjYWgt/gTzh5FGo8MHDuOfdy554wkcKi7396I6Nj4xOTU9O5mdm5+YX84lLZ6tRwKHEttbkImQUpFJRQoISLxACLQwmV8Oq461euwVih1Tm2E6jH7FKJSHCGTmrk92oIN5idRrRDI9ovqLCuqoGUA2HHxlpja5tiCxTtNPIbfsHvgQ6TYEA2Dlcfil+3aw9njfx7ral5GoNCLpm11cBPsJ4xg4JL6ORqqYWE8St2CVVHFYvB1rPecR266ZQmjbRxTyHtqT8nMhZb245D1xkzbNm/Xlf8z6umGB3UM6GSFEHx/qIolRQ17SZFm8IAR9l2hHEj3F8pbzHDOLo8cy6E4O/Jw6S8Wwj2CrtFl8YR6WOKrJB1skUCsk8OyQk5IyXCyR15JM/kxbv3nrxX763fOuINZpbJL3gf39nBpOs=</latexit>

��f(y)�
⇥
f(x) +rf(x)>(y � x)

⇤��  `

2
ky � xk2, 8x, y 2 Rd

<latexit sha1_base64="iJ3QPIP5UgzW8cn78zLAD+cjCk8="></latexit>



Smoothness

Recall that…

Smooth functions

Proposition

Proof : On the white board!

Let f : Rd ! R be a di↵erentiable function. Then
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Continuously differentiable functions can locally be 
approximated by their first-order expansion :
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�
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The fundamental theorem of Calculus actually gives a further 
characterization : 

f(y) = f(x) +

Z 1

s=0
rf(x+ s(y � x))>(y � x)ds
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Definition

Let ` � 0. A function f : Rd ! R is said to be `-smooth if f is
<latexit sha1_base64="ZoR5d6C7MJ+MGhzsPdysx/tkc3Q="></latexit>

di↵erentiable on Rd, and rf is `-lipschitz on Rd, i.e.
<latexit sha1_base64="DYcaIrujwOQRATMyBrEHvve44iE="></latexit>

krf(x)�rf(y)k  `kx� yk, 8x, y 2 Rd
<latexit sha1_base64="tMAjJAAisb6F0ieFLK7hJZ2dYGY="></latexit>

If f is `-smooth, then
<latexit sha1_base64="lSN7JNiNbWeTaIy64prwa/AbqG0=">AAACHHicbVC7SgNBFJ31bXxFLRUZFMFCw64WWoo22hkwiZCEMDu5awZnZ5aZu2JYUvoRNn6HnY2FIjYWgt/gTzh5FGo8MHDuOfdy554wkcKi7396I6Nj4xOTU9O5mdm5+YX84lLZ6tRwKHEttbkImQUpFJRQoISLxACLQwmV8Oq461euwVih1Tm2E6jH7FKJSHCGTmrk92oIN5idRrRDI9ovqLCuqoGUA2HHxlpja5tiCxTtNPIbfsHvgQ6TYEA2Dlcfil+3aw9njfx7ral5GoNCLpm11cBPsJ4xg4JL6ORqqYWE8St2CVVHFYvB1rPecR266ZQmjbRxTyHtqT8nMhZb245D1xkzbNm/Xlf8z6umGB3UM6GSFEHx/qIolRQ17SZFm8IAR9l2hHEj3F8pbzHDOLo8cy6E4O/Jw6S8Wwj2CrtFl8YR6WOKrJB1skUCsk8OyQk5IyXCyR15JM/kxbv3nrxX763fOuINZpbJL3gf39nBpOs=</latexit>

��f(y)�
⇥
f(x) +rf(x)>(y � x)

⇤��  `

2
ky � xk2, 8x, y 2 Rd

<latexit sha1_base64="iJ3QPIP5UgzW8cn78zLAD+cjCk8="></latexit>



Smoothness

Recall that…

Smooth functions

Proposition

Proof : On the white board!

Let f : Rd ! R be a di↵erentiable function. Then
<latexit sha1_base64="xQ2Avjn91cUf7MimTJpGI5rB/ZE="></latexit>

Remarks :

Continuously differentiable functions can locally be 
approximated by their first-order expansion :

f(y) = f(x) +rf(x)>(y � x) + o
�
ky � xk2

�
<latexit sha1_base64="3qyJREdrgiRmxeYFPKHBD5Uo5fA="></latexit>

The fundamental theorem of Calculus actually gives a further 
characterization : 

f(y) = f(x) +

Z 1

s=0
rf(x+ s(y � x))>(y � x)ds

<latexit sha1_base64="DqLIjvtO0FkFu5SCDn8J7CHDV4M="></latexit>

Definition

Let ` � 0. A function f : Rd ! R is said to be `-smooth if f is
<latexit sha1_base64="ZoR5d6C7MJ+MGhzsPdysx/tkc3Q="></latexit>

di↵erentiable on Rd, and rf is `-lipschitz on Rd, i.e.
<latexit sha1_base64="DYcaIrujwOQRATMyBrEHvve44iE="></latexit>

krf(x)�rf(y)k  `kx� yk, 8x, y 2 Rd
<latexit sha1_base64="tMAjJAAisb6F0ieFLK7hJZ2dYGY="></latexit>

If f is `-smooth, then
<latexit sha1_base64="lSN7JNiNbWeTaIy64prwa/AbqG0=">AAACHHicbVC7SgNBFJ31bXxFLRUZFMFCw64WWoo22hkwiZCEMDu5awZnZ5aZu2JYUvoRNn6HnY2FIjYWgt/gTzh5FGo8MHDuOfdy554wkcKi7396I6Nj4xOTU9O5mdm5+YX84lLZ6tRwKHEttbkImQUpFJRQoISLxACLQwmV8Oq461euwVih1Tm2E6jH7FKJSHCGTmrk92oIN5idRrRDI9ovqLCuqoGUA2HHxlpja5tiCxTtNPIbfsHvgQ6TYEA2Dlcfil+3aw9njfx7ral5GoNCLpm11cBPsJ4xg4JL6ORqqYWE8St2CVVHFYvB1rPecR266ZQmjbRxTyHtqT8nMhZb245D1xkzbNm/Xlf8z6umGB3UM6GSFEHx/qIolRQ17SZFm8IAR9l2hHEj3F8pbzHDOLo8cy6E4O/Jw6S8Wwj2CrtFl8YR6WOKrJB1skUCsk8OyQk5IyXCyR15JM/kxbv3nrxX763fOuINZpbJL3gf39nBpOs=</latexit>

��f(y)�
⇥
f(x) +rf(x)>(y � x)

⇤��  `

2
ky � xk2, 8x, y 2 Rd

<latexit sha1_base64="iJ3QPIP5UgzW8cn78zLAD+cjCk8="></latexit>

If ` = 0, then f is an a�ne function.
<latexit sha1_base64="9/xGqPIgYEBJXzEFugiwwfUBETA="></latexit>



Smoothness

Recall that…

Smooth functions

Proposition

Proof : On the white board!

Let f : Rd ! R be a di↵erentiable function. Then
<latexit sha1_base64="xQ2Avjn91cUf7MimTJpGI5rB/ZE="></latexit>

Remarks :

Continuously differentiable functions can locally be 
approximated by their first-order expansion :

f(y) = f(x) +rf(x)>(y � x) + o
�
ky � xk2

�
<latexit sha1_base64="3qyJREdrgiRmxeYFPKHBD5Uo5fA="></latexit>

The fundamental theorem of Calculus actually gives a further 
characterization : 

f(y) = f(x) +

Z 1

s=0
rf(x+ s(y � x))>(y � x)ds

<latexit sha1_base64="DqLIjvtO0FkFu5SCDn8J7CHDV4M="></latexit>

Definition

Let ` � 0. A function f : Rd ! R is said to be `-smooth if f is
<latexit sha1_base64="ZoR5d6C7MJ+MGhzsPdysx/tkc3Q="></latexit>

di↵erentiable on Rd, and rf is `-lipschitz on Rd, i.e.
<latexit sha1_base64="DYcaIrujwOQRATMyBrEHvve44iE="></latexit>

krf(x)�rf(y)k  `kx� yk, 8x, y 2 Rd
<latexit sha1_base64="tMAjJAAisb6F0ieFLK7hJZ2dYGY="></latexit>

If f is `-smooth, then
<latexit sha1_base64="lSN7JNiNbWeTaIy64prwa/AbqG0=">AAACHHicbVC7SgNBFJ31bXxFLRUZFMFCw64WWoo22hkwiZCEMDu5awZnZ5aZu2JYUvoRNn6HnY2FIjYWgt/gTzh5FGo8MHDuOfdy554wkcKi7396I6Nj4xOTU9O5mdm5+YX84lLZ6tRwKHEttbkImQUpFJRQoISLxACLQwmV8Oq461euwVih1Tm2E6jH7FKJSHCGTmrk92oIN5idRrRDI9ovqLCuqoGUA2HHxlpja5tiCxTtNPIbfsHvgQ6TYEA2Dlcfil+3aw9njfx7ral5GoNCLpm11cBPsJ4xg4JL6ORqqYWE8St2CVVHFYvB1rPecR266ZQmjbRxTyHtqT8nMhZb245D1xkzbNm/Xlf8z6umGB3UM6GSFEHx/qIolRQ17SZFm8IAR9l2hHEj3F8pbzHDOLo8cy6E4O/Jw6S8Wwj2CrtFl8YR6WOKrJB1skUCsk8OyQk5IyXCyR15JM/kxbv3nrxX763fOuINZpbJL3gf39nBpOs=</latexit>

��f(y)�
⇥
f(x) +rf(x)>(y � x)

⇤��  `

2
ky � xk2, 8x, y 2 Rd

<latexit sha1_base64="iJ3QPIP5UgzW8cn78zLAD+cjCk8="></latexit>

If ` = 0, then f is an a�ne function.
<latexit sha1_base64="9/xGqPIgYEBJXzEFugiwwfUBETA="></latexit>

In general, `-smooth function can be upperbounded and lower-bounded by quadratics.
<latexit sha1_base64="CqlnbSTDrdbxq4WGxTAe9jD02FQ="></latexit>

and lower-bounded by quadratics.
<latexit sha1_base64="9BI7LOohYga9/BusPGtey7dtqDc=">AAACEXicbVDLSgMxFM3UV62vUZdugkXoxjJTBV0W3bisYB/QlpLJ3LahmWRMMmoZ+gtu/BU3LhRx686df2P6WGjrgcDhnHOT3BPEnGnjed9OZml5ZXUtu57b2Nza3nF392paJopClUouVSMgGjgTUDXMcGjECkgUcKgHg8uxX78DpZkUN2YYQzsiPcG6jBJjpY5baBl4MCkRIebyHtRxIBMRQoiDIb5NSKhsjuriCHfcvFf0JsCLxJ+RPJqh0nG/WqGkSQTCUE60bvpebNopUfZCDqNcK9EQEzogPWhaKkgEup1ONhrhI6uEuCuVPcLgifp7IiWR1sMosMmImL6e98bif14zMd3zdspEnBgQdPpQN+HYSDyuB4dMATV8aAmhitm/YtonilBjS8zZEvz5lRdJrVT0T4ql69N8+WJWRxYdoENUQD46Q2V0hSqoiih6RM/oFb05T86L8+58TKMZZzazj/7A+fwBnLadfA==</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f
<latexit sha1_base64="aj1VrWgqSrqkgqJ/bLgtsTmRK/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzD+M7g==</latexit>

'+(y) = f(x) +rf(x)>(y � x) +
`

2
ky � xk2

<latexit sha1_base64="lt2OC7NdQ0+ahftfLw/5NoPcOIs="></latexit>

'�(y) = f(x) +rf(x)>(y � x)� `

2
ky � xk2

<latexit sha1_base64="757PFdeLJqqQro8KRFYOaDBQVpk="></latexit>



Gradient Descent on Smooth and Strongly Convex Functions

Gradient Descent on S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>



Gradient Descent on Smooth and Strongly Convex Functions

Gradient Descent on S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>

Consider the gradient descent method initialized at x0 2 Rd on a function
<latexit sha1_base64="UNOfiA1OaR4uSfmWI6nZV6DPF4I="></latexit>

f 2 S`
µ :

<latexit sha1_base64="KQeqiC5RmG9OIDeSK1yyDmdbhR8=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpguKq6MZlRfuAJobJ9KYdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLS8srpWXC9tbG5t79i7e02VZJJCgyY8ke2QKOBMQEMzzaGdSiBxyKEVDq7HfusRpGKJuNfDFPyY9ASLGCXaSIF9EGGPCXwX5F6cjR484Bxf4sAuOxVnArxI3Bkpoxnqgf3ldROaxSA05USpjuuk2s+J1IxyGJW8TEFK6ID0oGOoIDEoP5+cP8LHRuniKJGmhMYT9fdETmKlhnFoOmOi+2reG4v/eZ1MRxd+zkSaaRB0uijKONYJHmeBu0wC1XxoCKGSmVsx7RNJqDaJlUwI7vzLi6RZrbinlertWbl2NYujiA7RETpBLjpHNXSD6qiBKMrRM3pFb9aT9WK9Wx/T1oI1m9lHf2B9/gDAApSz</latexit>

xt+1 = xt � ↵trf(xt)
<latexit sha1_base64="5C8HR6d0NxNbA4BWIrn4X4B8/5Y=">AAACEXicbVDLSsNAFJ3Ud31VXboZLEJFLEkVdCOIblwqWC00JdxMJ3boZBJmbsQS+gtu/BU3LhRx686df+OkduHrwMDhnHO5c0+YSmHQdT+c0sTk1PTM7Fx5fmFxabmysnppkkwz3mSJTHQrBMOlULyJAiVvpZpDHEp+FfZPCv/qhmsjEnWBg5R3YrhWIhIM0EpBpXYb5LjtDekhLdiQ7lAfZNqDAKmvIJRAI5vBraBSdevuCPQv8cakSsY4CyrvfjdhWcwVMgnGtD03xU4OGgWTfFj2M8NTYH245m1LFcTcdPLRRUO6aZUujRJtn0I6Ur9P5BAbM4hDm4wBe+a3V4j/ee0Mo4NOLlSaIVfsa1GUSYoJLeqhXaE5QzmwBJgW9q+U9UADQ1ti2Zbg/T75L7ls1L3deuN8r3p0PK5jlqyTDVIjHtknR+SUnJEmYeSOPJAn8uzcO4/Oi/P6FS0545k18gPO2yf/FZvc</latexit>

for a given sequence of stepsize (↵t)t�0.
<latexit sha1_base64="er4hyggK9zseEY2+C5POuuF01H4="></latexit>



Gradient Descent on Smooth and Strongly Convex Functions

Gradient Descent on

Proposition

S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>

Consider the gradient descent method initialized at x0 2 Rd on a function
<latexit sha1_base64="UNOfiA1OaR4uSfmWI6nZV6DPF4I="></latexit>

f 2 S`
µ :

<latexit sha1_base64="KQeqiC5RmG9OIDeSK1yyDmdbhR8=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpguKq6MZlRfuAJobJ9KYdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLS8srpWXC9tbG5t79i7e02VZJJCgyY8ke2QKOBMQEMzzaGdSiBxyKEVDq7HfusRpGKJuNfDFPyY9ASLGCXaSIF9EGGPCXwX5F6cjR484Bxf4sAuOxVnArxI3Bkpoxnqgf3ldROaxSA05USpjuuk2s+J1IxyGJW8TEFK6ID0oGOoIDEoP5+cP8LHRuniKJGmhMYT9fdETmKlhnFoOmOi+2reG4v/eZ1MRxd+zkSaaRB0uijKONYJHmeBu0wC1XxoCKGSmVsx7RNJqDaJlUwI7vzLi6RZrbinlertWbl2NYujiA7RETpBLjpHNXSD6qiBKMrRM3pFb9aT9WK9Wx/T1oI1m9lHf2B9/gDAApSz</latexit>

xt+1 = xt � ↵trf(xt)
<latexit sha1_base64="5C8HR6d0NxNbA4BWIrn4X4B8/5Y=">AAACEXicbVDLSsNAFJ3Ud31VXboZLEJFLEkVdCOIblwqWC00JdxMJ3boZBJmbsQS+gtu/BU3LhRx686df+OkduHrwMDhnHO5c0+YSmHQdT+c0sTk1PTM7Fx5fmFxabmysnppkkwz3mSJTHQrBMOlULyJAiVvpZpDHEp+FfZPCv/qhmsjEnWBg5R3YrhWIhIM0EpBpXYb5LjtDekhLdiQ7lAfZNqDAKmvIJRAI5vBraBSdevuCPQv8cakSsY4CyrvfjdhWcwVMgnGtD03xU4OGgWTfFj2M8NTYH245m1LFcTcdPLRRUO6aZUujRJtn0I6Ur9P5BAbM4hDm4wBe+a3V4j/ee0Mo4NOLlSaIVfsa1GUSYoJLeqhXaE5QzmwBJgW9q+U9UADQ1ti2Zbg/T75L7ls1L3deuN8r3p0PK5jlqyTDVIjHtknR+SUnJEmYeSOPJAn8uzcO4/Oi/P6FS0545k18gPO2yf/FZvc</latexit>

for a given sequence of stepsize (↵t)t�0.
<latexit sha1_base64="er4hyggK9zseEY2+C5POuuF01H4="></latexit>

Assume the sequence (↵t)t�0 is set to be constant, equal to ↵ =
1

`
.

<latexit sha1_base64="R/bY/Ry0i/y4X9n392GJMr21FZs="></latexit>

Then, for all t > 0,
<latexit sha1_base64="T8vxZTDxTHVBqcCHcS8Qt/yJnC8=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYhLAbBa0kaGMZIS9IQpid3E2GzM4uM3fFsKSy8VdsLBSx9Rvs/Bs3j0ITT3U4517uuceLpDDoON/W0vLK6tp6ZiO7ubW9s2vv7ddMGGsOVR7KUDc8ZkAKBVUUKKERaWCBJ6HuDW7Gfv0etBGhquAwgnbAekr4gjNMpY591EJ4wKTSB5Wnfqgpk5KOKNIr6uRpx845BWcCukjcGcmRGcod+6vVDXkcgEIumTFN14mwnTCNgksYZVuxgYjxAetBM6WKBWDayeSNET1Jle4khB8qpBP190bCAmOGgZdOBgz7Zt4bi/95zRj9y3YiVBQjKD495MeSYkjHndCu0MBRDlPCuBZpVsr7TDOOaXPZtAR3/uVFUisW3LNC8e48V7qe1ZEhh+SYnBKXXJASuSVlUiWcPJJn8krerCfrxXq3PqajS9Zs54D8gfX5A1SZlxM=</latexit>

kxt � x?k2 
⇣
1� µ

`

⌘t
kx0 � x?k2

<latexit sha1_base64="aEgo+/c+GRhYpwq2BxJW2lySYA4="></latexit>



Gradient Descent on Smooth and Strongly Convex Functions

Gradient Descent on

Proposition

Proof : On the white board!

S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>

Consider the gradient descent method initialized at x0 2 Rd on a function
<latexit sha1_base64="UNOfiA1OaR4uSfmWI6nZV6DPF4I="></latexit>

f 2 S`
µ :

<latexit sha1_base64="KQeqiC5RmG9OIDeSK1yyDmdbhR8=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpguKq6MZlRfuAJobJ9KYdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLS8srpWXC9tbG5t79i7e02VZJJCgyY8ke2QKOBMQEMzzaGdSiBxyKEVDq7HfusRpGKJuNfDFPyY9ASLGCXaSIF9EGGPCXwX5F6cjR484Bxf4sAuOxVnArxI3Bkpoxnqgf3ldROaxSA05USpjuuk2s+J1IxyGJW8TEFK6ID0oGOoIDEoP5+cP8LHRuniKJGmhMYT9fdETmKlhnFoOmOi+2reG4v/eZ1MRxd+zkSaaRB0uijKONYJHmeBu0wC1XxoCKGSmVsx7RNJqDaJlUwI7vzLi6RZrbinlertWbl2NYujiA7RETpBLjpHNXSD6qiBKMrRM3pFb9aT9WK9Wx/T1oI1m9lHf2B9/gDAApSz</latexit>

xt+1 = xt � ↵trf(xt)
<latexit sha1_base64="5C8HR6d0NxNbA4BWIrn4X4B8/5Y=">AAACEXicbVDLSsNAFJ3Ud31VXboZLEJFLEkVdCOIblwqWC00JdxMJ3boZBJmbsQS+gtu/BU3LhRx686df+OkduHrwMDhnHO5c0+YSmHQdT+c0sTk1PTM7Fx5fmFxabmysnppkkwz3mSJTHQrBMOlULyJAiVvpZpDHEp+FfZPCv/qhmsjEnWBg5R3YrhWIhIM0EpBpXYb5LjtDekhLdiQ7lAfZNqDAKmvIJRAI5vBraBSdevuCPQv8cakSsY4CyrvfjdhWcwVMgnGtD03xU4OGgWTfFj2M8NTYH245m1LFcTcdPLRRUO6aZUujRJtn0I6Ur9P5BAbM4hDm4wBe+a3V4j/ee0Mo4NOLlSaIVfsa1GUSYoJLeqhXaE5QzmwBJgW9q+U9UADQ1ti2Zbg/T75L7ls1L3deuN8r3p0PK5jlqyTDVIjHtknR+SUnJEmYeSOPJAn8uzcO4/Oi/P6FS0545k18gPO2yf/FZvc</latexit>

for a given sequence of stepsize (↵t)t�0.
<latexit sha1_base64="er4hyggK9zseEY2+C5POuuF01H4="></latexit>

Assume the sequence (↵t)t�0 is set to be constant, equal to ↵ =
1

`
.

<latexit sha1_base64="R/bY/Ry0i/y4X9n392GJMr21FZs="></latexit>

Then, for all t > 0,
<latexit sha1_base64="T8vxZTDxTHVBqcCHcS8Qt/yJnC8=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYhLAbBa0kaGMZIS9IQpid3E2GzM4uM3fFsKSy8VdsLBSx9Rvs/Bs3j0ITT3U4517uuceLpDDoON/W0vLK6tp6ZiO7ubW9s2vv7ddMGGsOVR7KUDc8ZkAKBVUUKKERaWCBJ6HuDW7Gfv0etBGhquAwgnbAekr4gjNMpY591EJ4wKTSB5Wnfqgpk5KOKNIr6uRpx845BWcCukjcGcmRGcod+6vVDXkcgEIumTFN14mwnTCNgksYZVuxgYjxAetBM6WKBWDayeSNET1Jle4khB8qpBP190bCAmOGgZdOBgz7Zt4bi/95zRj9y3YiVBQjKD495MeSYkjHndCu0MBRDlPCuBZpVsr7TDOOaXPZtAR3/uVFUisW3LNC8e48V7qe1ZEhh+SYnBKXXJASuSVlUiWcPJJn8krerCfrxXq3PqajS9Zs54D8gfX5A1SZlxM=</latexit>

kxt � x?k2 
⇣
1� µ

`

⌘t
kx0 � x?k2

<latexit sha1_base64="aEgo+/c+GRhYpwq2BxJW2lySYA4="></latexit>



Gradient Descent on Smooth and Strongly Convex Functions

Gradient Descent on

Proposition

Proof : On the white board!

Remarks :

In other words, for smooth and strongly convex function, the 
gradient descent method converges at a geometric rate! 
Machine learning scientists often consider                     
and refer the to the speed of convergence of the gradient 
descent method as linear. 

S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>

Consider the gradient descent method initialized at x0 2 Rd on a function
<latexit sha1_base64="UNOfiA1OaR4uSfmWI6nZV6DPF4I="></latexit>

f 2 S`
µ :

<latexit sha1_base64="KQeqiC5RmG9OIDeSK1yyDmdbhR8=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpguKq6MZlRfuAJobJ9KYdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLS8srpWXC9tbG5t79i7e02VZJJCgyY8ke2QKOBMQEMzzaGdSiBxyKEVDq7HfusRpGKJuNfDFPyY9ASLGCXaSIF9EGGPCXwX5F6cjR484Bxf4sAuOxVnArxI3Bkpoxnqgf3ldROaxSA05USpjuuk2s+J1IxyGJW8TEFK6ID0oGOoIDEoP5+cP8LHRuniKJGmhMYT9fdETmKlhnFoOmOi+2reG4v/eZ1MRxd+zkSaaRB0uijKONYJHmeBu0wC1XxoCKGSmVsx7RNJqDaJlUwI7vzLi6RZrbinlertWbl2NYujiA7RETpBLjpHNXSD6qiBKMrRM3pFb9aT9WK9Wx/T1oI1m9lHf2B9/gDAApSz</latexit>

xt+1 = xt � ↵trf(xt)
<latexit sha1_base64="5C8HR6d0NxNbA4BWIrn4X4B8/5Y=">AAACEXicbVDLSsNAFJ3Ud31VXboZLEJFLEkVdCOIblwqWC00JdxMJ3boZBJmbsQS+gtu/BU3LhRx686df+OkduHrwMDhnHO5c0+YSmHQdT+c0sTk1PTM7Fx5fmFxabmysnppkkwz3mSJTHQrBMOlULyJAiVvpZpDHEp+FfZPCv/qhmsjEnWBg5R3YrhWIhIM0EpBpXYb5LjtDekhLdiQ7lAfZNqDAKmvIJRAI5vBraBSdevuCPQv8cakSsY4CyrvfjdhWcwVMgnGtD03xU4OGgWTfFj2M8NTYH245m1LFcTcdPLRRUO6aZUujRJtn0I6Ur9P5BAbM4hDm4wBe+a3V4j/ee0Mo4NOLlSaIVfsa1GUSYoJLeqhXaE5QzmwBJgW9q+U9UADQ1ti2Zbg/T75L7ls1L3deuN8r3p0PK5jlqyTDVIjHtknR+SUnJEmYeSOPJAn8uzcO4/Oi/P6FS0545k18gPO2yf/FZvc</latexit>

for a given sequence of stepsize (↵t)t�0.
<latexit sha1_base64="er4hyggK9zseEY2+C5POuuF01H4="></latexit>

Assume the sequence (↵t)t�0 is set to be constant, equal to ↵ =
1

`
.

<latexit sha1_base64="R/bY/Ry0i/y4X9n392GJMr21FZs="></latexit>

Then, for all t > 0,
<latexit sha1_base64="T8vxZTDxTHVBqcCHcS8Qt/yJnC8=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYhLAbBa0kaGMZIS9IQpid3E2GzM4uM3fFsKSy8VdsLBSx9Rvs/Bs3j0ITT3U4517uuceLpDDoON/W0vLK6tp6ZiO7ubW9s2vv7ddMGGsOVR7KUDc8ZkAKBVUUKKERaWCBJ6HuDW7Gfv0etBGhquAwgnbAekr4gjNMpY591EJ4wKTSB5Wnfqgpk5KOKNIr6uRpx845BWcCukjcGcmRGcod+6vVDXkcgEIumTFN14mwnTCNgksYZVuxgYjxAetBM6WKBWDayeSNET1Jle4khB8qpBP190bCAmOGgZdOBgz7Zt4bi/95zRj9y3YiVBQjKD495MeSYkjHndCu0MBRDlPCuBZpVsr7TDOOaXPZtAR3/uVFUisW3LNC8e48V7qe1ZEhh+SYnBKXXJASuSVlUiWcPJJn8krerCfrxXq3PqajS9Zs54D8gfX5A1SZlxM=</latexit>

kxt � x?k2 
⇣
1� µ

`

⌘t
kx0 � x?k2

<latexit sha1_base64="aEgo+/c+GRhYpwq2BxJW2lySYA4="></latexit>

log
�
kxt � x?k2

�
<latexit sha1_base64="zl3FJd7e9YPNpKFiGXC/FBkO44c=">AAACD3icbVC7SgNBFJ31GeMramkzGJRYGHajoGXQxjKCeUB2s8xOZpMhsw9m7krCJn9g46/YWChia2vn3zh5FJp44MLhnHu59x4vFlyBaX4bS8srq2vrmY3s5tb2zm5ub7+mokRSVqWRiGTDI4oJHrIqcBCsEUtGAk+wute7Gfv1ByYVj8J7GMTMCUgn5D6nBLTk5k5sEXVswXwo2MO+m8IIn+F+y1ZApD1slWzJO104dXN5s2hOgBeJNSN5NEPFzX3Z7YgmAQuBCqJU0zJjcFIigVPBRlk7USwmtEc6rKlpSAKmnHTyzwgfa6WN/UjqCgFP1N8TKQmUGgSe7gwIdNW8Nxb/85oJ+FdOysM4ARbS6SI/ERgiPA4Ht7lkFMRAE0Il17di2iWSUNARZnUI1vzLi6RWKlrnxdLdRb58PYsjgw7RESogC12iMrpFFVRFFD2iZ/SK3own48V4Nz6mrUvGbOYA/YHx+QO/bZx3</latexit>



Gradient Descent on Smooth and Strongly Convex Functions

Gradient Descent on

Proposition

Proof : On the white board!

Remarks :

In other words, for smooth and strongly convex function, the 
gradient descent method converges at a geometric rate! 
Machine learning scientists often consider                     
and refer the to the speed of convergence of the gradient 
descent method as linear. 

S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>

Consider the gradient descent method initialized at x0 2 Rd on a function
<latexit sha1_base64="UNOfiA1OaR4uSfmWI6nZV6DPF4I="></latexit>

f 2 S`
µ :

<latexit sha1_base64="KQeqiC5RmG9OIDeSK1yyDmdbhR8=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpguKq6MZlRfuAJobJ9KYdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLS8srpWXC9tbG5t79i7e02VZJJCgyY8ke2QKOBMQEMzzaGdSiBxyKEVDq7HfusRpGKJuNfDFPyY9ASLGCXaSIF9EGGPCXwX5F6cjR484Bxf4sAuOxVnArxI3Bkpoxnqgf3ldROaxSA05USpjuuk2s+J1IxyGJW8TEFK6ID0oGOoIDEoP5+cP8LHRuniKJGmhMYT9fdETmKlhnFoOmOi+2reG4v/eZ1MRxd+zkSaaRB0uijKONYJHmeBu0wC1XxoCKGSmVsx7RNJqDaJlUwI7vzLi6RZrbinlertWbl2NYujiA7RETpBLjpHNXSD6qiBKMrRM3pFb9aT9WK9Wx/T1oI1m9lHf2B9/gDAApSz</latexit>

xt+1 = xt � ↵trf(xt)
<latexit sha1_base64="5C8HR6d0NxNbA4BWIrn4X4B8/5Y=">AAACEXicbVDLSsNAFJ3Ud31VXboZLEJFLEkVdCOIblwqWC00JdxMJ3boZBJmbsQS+gtu/BU3LhRx686df+OkduHrwMDhnHO5c0+YSmHQdT+c0sTk1PTM7Fx5fmFxabmysnppkkwz3mSJTHQrBMOlULyJAiVvpZpDHEp+FfZPCv/qhmsjEnWBg5R3YrhWIhIM0EpBpXYb5LjtDekhLdiQ7lAfZNqDAKmvIJRAI5vBraBSdevuCPQv8cakSsY4CyrvfjdhWcwVMgnGtD03xU4OGgWTfFj2M8NTYH245m1LFcTcdPLRRUO6aZUujRJtn0I6Ur9P5BAbM4hDm4wBe+a3V4j/ee0Mo4NOLlSaIVfsa1GUSYoJLeqhXaE5QzmwBJgW9q+U9UADQ1ti2Zbg/T75L7ls1L3deuN8r3p0PK5jlqyTDVIjHtknR+SUnJEmYeSOPJAn8uzcO4/Oi/P6FS0545k18gPO2yf/FZvc</latexit>

for a given sequence of stepsize (↵t)t�0.
<latexit sha1_base64="er4hyggK9zseEY2+C5POuuF01H4="></latexit>

Assume the sequence (↵t)t�0 is set to be constant, equal to ↵ =
1

`
.

<latexit sha1_base64="R/bY/Ry0i/y4X9n392GJMr21FZs="></latexit>

Then, for all t > 0,
<latexit sha1_base64="T8vxZTDxTHVBqcCHcS8Qt/yJnC8=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYhLAbBa0kaGMZIS9IQpid3E2GzM4uM3fFsKSy8VdsLBSx9Rvs/Bs3j0ITT3U4517uuceLpDDoON/W0vLK6tp6ZiO7ubW9s2vv7ddMGGsOVR7KUDc8ZkAKBVUUKKERaWCBJ6HuDW7Gfv0etBGhquAwgnbAekr4gjNMpY591EJ4wKTSB5Wnfqgpk5KOKNIr6uRpx845BWcCukjcGcmRGcod+6vVDXkcgEIumTFN14mwnTCNgksYZVuxgYjxAetBM6WKBWDayeSNET1Jle4khB8qpBP190bCAmOGgZdOBgz7Zt4bi/95zRj9y3YiVBQjKD495MeSYkjHndCu0MBRDlPCuBZpVsr7TDOOaXPZtAR3/uVFUisW3LNC8e48V7qe1ZEhh+SYnBKXXJASuSVlUiWcPJJn8krerCfrxXq3PqajS9Zs54D8gfX5A1SZlxM=</latexit>

kxt � x?k2 
⇣
1� µ

`

⌘t
kx0 � x?k2

<latexit sha1_base64="aEgo+/c+GRhYpwq2BxJW2lySYA4="></latexit>

log
�
kxt � x?k2

�
<latexit sha1_base64="zl3FJd7e9YPNpKFiGXC/FBkO44c=">AAACD3icbVC7SgNBFJ31GeMramkzGJRYGHajoGXQxjKCeUB2s8xOZpMhsw9m7krCJn9g46/YWChia2vn3zh5FJp44MLhnHu59x4vFlyBaX4bS8srq2vrmY3s5tb2zm5ub7+mokRSVqWRiGTDI4oJHrIqcBCsEUtGAk+wute7Gfv1ByYVj8J7GMTMCUgn5D6nBLTk5k5sEXVswXwo2MO+m8IIn+F+y1ZApD1slWzJO104dXN5s2hOgBeJNSN5NEPFzX3Z7YgmAQuBCqJU0zJjcFIigVPBRlk7USwmtEc6rKlpSAKmnHTyzwgfa6WN/UjqCgFP1N8TKQmUGgSe7gwIdNW8Nxb/85oJ+FdOysM4ARbS6SI/ERgiPA4Ht7lkFMRAE0Il17di2iWSUNARZnUI1vzLi6RWKlrnxdLdRb58PYsjgw7RESogC12iMrpFFVRFFD2iZ/SK3own48V4Nz6mrUvGbOYA/YHx+QO/bZx3</latexit>

the problem : the greater  is, the slower Gradient Descent converges.
<latexit sha1_base64="i7nVt7R3bC+awBeJ/PUrLcgnXNc="></latexit>

The constant  =
`

µ
is often called the condition number of the problem.

<latexit sha1_base64="iICQqcQrIvNfCpUmCBxSLZCERxQ="></latexit>

Hence  quantifies the hardness to minimize f through Gradient Descent.
<latexit sha1_base64="PxStyFD+iiqTdc3IVs9pSqhBcMA="></latexit>



Gradient Descent on Smooth and Strongly Convex Functions

Gradient Descent on

Proposition

Proof : On the white board!

Remarks :

In other words, for smooth and strongly convex function, the 
gradient descent method converges at a geometric rate! 
Machine learning scientists often consider                     
and refer the to the speed of convergence of the gradient 
descent method as linear. 

S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>

Consider the gradient descent method initialized at x0 2 Rd on a function
<latexit sha1_base64="UNOfiA1OaR4uSfmWI6nZV6DPF4I="></latexit>

f 2 S`
µ :

<latexit sha1_base64="KQeqiC5RmG9OIDeSK1yyDmdbhR8=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpguKq6MZlRfuAJobJ9KYdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLS8srpWXC9tbG5t79i7e02VZJJCgyY8ke2QKOBMQEMzzaGdSiBxyKEVDq7HfusRpGKJuNfDFPyY9ASLGCXaSIF9EGGPCXwX5F6cjR484Bxf4sAuOxVnArxI3Bkpoxnqgf3ldROaxSA05USpjuuk2s+J1IxyGJW8TEFK6ID0oGOoIDEoP5+cP8LHRuniKJGmhMYT9fdETmKlhnFoOmOi+2reG4v/eZ1MRxd+zkSaaRB0uijKONYJHmeBu0wC1XxoCKGSmVsx7RNJqDaJlUwI7vzLi6RZrbinlertWbl2NYujiA7RETpBLjpHNXSD6qiBKMrRM3pFb9aT9WK9Wx/T1oI1m9lHf2B9/gDAApSz</latexit>

xt+1 = xt � ↵trf(xt)
<latexit sha1_base64="5C8HR6d0NxNbA4BWIrn4X4B8/5Y=">AAACEXicbVDLSsNAFJ3Ud31VXboZLEJFLEkVdCOIblwqWC00JdxMJ3boZBJmbsQS+gtu/BU3LhRx686df+OkduHrwMDhnHO5c0+YSmHQdT+c0sTk1PTM7Fx5fmFxabmysnppkkwz3mSJTHQrBMOlULyJAiVvpZpDHEp+FfZPCv/qhmsjEnWBg5R3YrhWIhIM0EpBpXYb5LjtDekhLdiQ7lAfZNqDAKmvIJRAI5vBraBSdevuCPQv8cakSsY4CyrvfjdhWcwVMgnGtD03xU4OGgWTfFj2M8NTYH245m1LFcTcdPLRRUO6aZUujRJtn0I6Ur9P5BAbM4hDm4wBe+a3V4j/ee0Mo4NOLlSaIVfsa1GUSYoJLeqhXaE5QzmwBJgW9q+U9UADQ1ti2Zbg/T75L7ls1L3deuN8r3p0PK5jlqyTDVIjHtknR+SUnJEmYeSOPJAn8uzcO4/Oi/P6FS0545k18gPO2yf/FZvc</latexit>

for a given sequence of stepsize (↵t)t�0.
<latexit sha1_base64="er4hyggK9zseEY2+C5POuuF01H4="></latexit>

Assume the sequence (↵t)t�0 is set to be constant, equal to ↵ =
1

`
.

<latexit sha1_base64="R/bY/Ry0i/y4X9n392GJMr21FZs="></latexit>

Then, for all t > 0,
<latexit sha1_base64="T8vxZTDxTHVBqcCHcS8Qt/yJnC8=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYhLAbBa0kaGMZIS9IQpid3E2GzM4uM3fFsKSy8VdsLBSx9Rvs/Bs3j0ITT3U4517uuceLpDDoON/W0vLK6tp6ZiO7ubW9s2vv7ddMGGsOVR7KUDc8ZkAKBVUUKKERaWCBJ6HuDW7Gfv0etBGhquAwgnbAekr4gjNMpY591EJ4wKTSB5Wnfqgpk5KOKNIr6uRpx845BWcCukjcGcmRGcod+6vVDXkcgEIumTFN14mwnTCNgksYZVuxgYjxAetBM6WKBWDayeSNET1Jle4khB8qpBP190bCAmOGgZdOBgz7Zt4bi/95zRj9y3YiVBQjKD495MeSYkjHndCu0MBRDlPCuBZpVsr7TDOOaXPZtAR3/uVFUisW3LNC8e48V7qe1ZEhh+SYnBKXXJASuSVlUiWcPJJn8krerCfrxXq3PqajS9Zs54D8gfX5A1SZlxM=</latexit>

kxt � x?k2 
⇣
1� µ

`

⌘t
kx0 � x?k2

<latexit sha1_base64="aEgo+/c+GRhYpwq2BxJW2lySYA4="></latexit>

log
�
kxt � x?k2

�
<latexit sha1_base64="zl3FJd7e9YPNpKFiGXC/FBkO44c=">AAACD3icbVC7SgNBFJ31GeMramkzGJRYGHajoGXQxjKCeUB2s8xOZpMhsw9m7krCJn9g46/YWChia2vn3zh5FJp44MLhnHu59x4vFlyBaX4bS8srq2vrmY3s5tb2zm5ub7+mokRSVqWRiGTDI4oJHrIqcBCsEUtGAk+wute7Gfv1ByYVj8J7GMTMCUgn5D6nBLTk5k5sEXVswXwo2MO+m8IIn+F+y1ZApD1slWzJO104dXN5s2hOgBeJNSN5NEPFzX3Z7YgmAQuBCqJU0zJjcFIigVPBRlk7USwmtEc6rKlpSAKmnHTyzwgfa6WN/UjqCgFP1N8TKQmUGgSe7gwIdNW8Nxb/85oJ+FdOysM4ARbS6SI/ERgiPA4Ht7lkFMRAE0Il17di2iWSUNARZnUI1vzLi6RWKlrnxdLdRb58PYsjgw7RESogC12iMrpFFVRFFD2iZ/SK3own48V4Nz6mrUvGbOYA/YHx+QO/bZx3</latexit>

the problem : the greater  is, the slower Gradient Descent converges.
<latexit sha1_base64="i7nVt7R3bC+awBeJ/PUrLcgnXNc="></latexit>

The constant  =
`

µ
is often called the condition number of the problem.

<latexit sha1_base64="iICQqcQrIvNfCpUmCBxSLZCERxQ="></latexit>

Hence  quantifies the hardness to minimize f through Gradient Descent.
<latexit sha1_base64="PxStyFD+iiqTdc3IVs9pSqhBcMA="></latexit>

There are many variants of Gradient Descent aiming at having 
better dependency in their rates with respect to .<latexit sha1_base64="ql2Rz9rvJT+W/+pyNFfFZhjSgfU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9Fj04rGC/YA2lMl20y7ZJMvuRiilP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLpeDaeN63s7a+sbm1Xdop7+7tHxxWjo5bOssVZU2aiUx1QtRM8JQ1DTeCdaRimISCtcP4bua3n5jSPEsfzViyIMFhyiNO0Vip3YtRSnT7larnenOQVeIXpAoFGv3KV2+Q0TxhqaECte76njTBBJXhVLBpuZdrJpHGOGRdS1NMmA4m83On5NwqAxJlylZqyFz9PTHBROtxEtrOBM1IL3sz8T+vm5voJpjwVOaGpXSxKMoFMRmZ/U4GXDFqxNgSpIrbWwkdoUJqbEJlG4K//PIqadVc/9KtPVxV67dFHCU4hTO4AB+uoQ730IAmUIjhGV7hzZHOi/PufCxa15xi5gT+wPn8AQSYj1s=</latexit>

For instance the accelerated gradient descent method (Nesterov 
1984) exhibits a rate of the form 

kxt � x?k2 
 
1�

r
1



!t

kx0 � x?k2
<latexit sha1_base64="LrpQTO9c77/oNzlvEZFjHpl2hRw="></latexit>

which brings tremendous improvements for ill-conditioned 
problems.



1. Setting up an optimization problem

2. Recalls on Gradient Descent

3. The quadratic case 

4. The smooth and strongly convex case

5. The smooth and merely convex case



Gradient Descent on Smooth and Merely Convex Functions

Gradient Descent on S`
<latexit sha1_base64="Nip8AiF3c2zpo0sA5EIF8B5muEA=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwODYzM7mxmZk3Ihn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRDOtMCqlaAdUoeIR1w43AVqyQhoHAZjC6nvrNJ1Say+jejGP0QzqIeJ8zaqzUuHvooBDdYsktuzOQZeJlpAQZat3iV6cnWRJiZJigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkY0RO2ns2sn5MQqPdKXylZkyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lUZwYjNh8UT8RxEgyfZ30uEJmxNgSyhS3txI2pIoyYwMq2BC8xZeXSaNS9s7KldvzUvUqiyMPR3AMp+DBBVThBmpQBwaP8Ayv8OZI58V5dz7mrTknmzmEP3A+fwBn9I8E</latexit>

Let S` be the set of smooth functions from Rd to R.
<latexit sha1_base64="CVGaYAcVRZB6eex++YUSSjkZ6Ic="></latexit>



Gradient Descent on Smooth and Merely Convex Functions

Gradient Descent on

Consider the gradient descent method initialized at x0 2 Rd on a function
<latexit sha1_base64="UNOfiA1OaR4uSfmWI6nZV6DPF4I="></latexit>

xt+1 = xt � ↵trf(xt)
<latexit sha1_base64="5C8HR6d0NxNbA4BWIrn4X4B8/5Y=">AAACEXicbVDLSsNAFJ3Ud31VXboZLEJFLEkVdCOIblwqWC00JdxMJ3boZBJmbsQS+gtu/BU3LhRx686df+OkduHrwMDhnHO5c0+YSmHQdT+c0sTk1PTM7Fx5fmFxabmysnppkkwz3mSJTHQrBMOlULyJAiVvpZpDHEp+FfZPCv/qhmsjEnWBg5R3YrhWIhIM0EpBpXYb5LjtDekhLdiQ7lAfZNqDAKmvIJRAI5vBraBSdevuCPQv8cakSsY4CyrvfjdhWcwVMgnGtD03xU4OGgWTfFj2M8NTYH245m1LFcTcdPLRRUO6aZUujRJtn0I6Ur9P5BAbM4hDm4wBe+a3V4j/ee0Mo4NOLlSaIVfsa1GUSYoJLeqhXaE5QzmwBJgW9q+U9UADQ1ti2Zbg/T75L7ls1L3deuN8r3p0PK5jlqyTDVIjHtknR+SUnJEmYeSOPJAn8uzcO4/Oi/P6FS0545k18gPO2yf/FZvc</latexit>

for a given sequence of stepsize (↵t)t�0.
<latexit sha1_base64="er4hyggK9zseEY2+C5POuuF01H4="></latexit>

S`
<latexit sha1_base64="Nip8AiF3c2zpo0sA5EIF8B5muEA=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwODYzM7mxmZk3Ihn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRDOtMCqlaAdUoeIR1w43AVqyQhoHAZjC6nvrNJ1Say+jejGP0QzqIeJ8zaqzUuHvooBDdYsktuzOQZeJlpAQZat3iV6cnWRJiZJigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkY0RO2ns2sn5MQqPdKXylZkyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lUZwYjNh8UT8RxEgyfZ30uEJmxNgSyhS3txI2pIoyYwMq2BC8xZeXSaNS9s7KldvzUvUqiyMPR3AMp+DBBVThBmpQBwaP8Ayv8OZI58V5dz7mrTknmzmEP3A+fwBn9I8E</latexit>

Let S` be the set of smooth functions from Rd to R.
<latexit sha1_base64="CVGaYAcVRZB6eex++YUSSjkZ6Ic="></latexit>

f 2 S` :
<latexit sha1_base64="4CCROEDpBK6o5lZLtgiiIz8vI14=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjNRUDwFvXiMaBbIRk+nJmnS0zN09yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzY8G1cd1vJ7Oyura+kd3MbW3v7O7l9w9qOkoUwyqLRKQaPtUouMSq4UZgI1ZIQ19g3R/eTPz6IyrNI/lgRjG2Q9qXPOCMGit1AtLiktx3WigEuermC27RnYIsE29OCjBHpZv/avUiloQoDRNU66bnxqadUmU4EzjOtRKNMWVD2sempZKGqNvp9OoxObFKjwSRsiUNmaq/J1Iaaj0KfdsZUjPQi95E/M9rJia4bKdcxolByWaLgkQQE5FJBKTHFTIjRpZQpri9lbABVZQZG1TOhuAtvrxMaqWid1Ys3Z0XytfzOLJwBMdwCh5cQBluoQJVYKDgGV7hzXlyXpx352PWmnHmM4fwB87nD/1ykYc=</latexit>



Gradient Descent on Smooth and Merely Convex Functions

Gradient Descent on

Proposition

Consider the gradient descent method initialized at x0 2 Rd on a function
<latexit sha1_base64="UNOfiA1OaR4uSfmWI6nZV6DPF4I="></latexit>

xt+1 = xt � ↵trf(xt)
<latexit sha1_base64="5C8HR6d0NxNbA4BWIrn4X4B8/5Y=">AAACEXicbVDLSsNAFJ3Ud31VXboZLEJFLEkVdCOIblwqWC00JdxMJ3boZBJmbsQS+gtu/BU3LhRx686df+OkduHrwMDhnHO5c0+YSmHQdT+c0sTk1PTM7Fx5fmFxabmysnppkkwz3mSJTHQrBMOlULyJAiVvpZpDHEp+FfZPCv/qhmsjEnWBg5R3YrhWIhIM0EpBpXYb5LjtDekhLdiQ7lAfZNqDAKmvIJRAI5vBraBSdevuCPQv8cakSsY4CyrvfjdhWcwVMgnGtD03xU4OGgWTfFj2M8NTYH245m1LFcTcdPLRRUO6aZUujRJtn0I6Ur9P5BAbM4hDm4wBe+a3V4j/ee0Mo4NOLlSaIVfsa1GUSYoJLeqhXaE5QzmwBJgW9q+U9UADQ1ti2Zbg/T75L7ls1L3deuN8r3p0PK5jlqyTDVIjHtknR+SUnJEmYeSOPJAn8uzcO4/Oi/P6FS0545k18gPO2yf/FZvc</latexit>

for a given sequence of stepsize (↵t)t�0.
<latexit sha1_base64="er4hyggK9zseEY2+C5POuuF01H4="></latexit>

Assume the sequence (↵t)t�0 is set to be constant, equal to ↵ =
1

`
.

<latexit sha1_base64="R/bY/Ry0i/y4X9n392GJMr21FZs="></latexit>

Then, for all t > 0,
<latexit sha1_base64="T8vxZTDxTHVBqcCHcS8Qt/yJnC8=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYhLAbBa0kaGMZIS9IQpid3E2GzM4uM3fFsKSy8VdsLBSx9Rvs/Bs3j0ITT3U4517uuceLpDDoON/W0vLK6tp6ZiO7ubW9s2vv7ddMGGsOVR7KUDc8ZkAKBVUUKKERaWCBJ6HuDW7Gfv0etBGhquAwgnbAekr4gjNMpY591EJ4wKTSB5Wnfqgpk5KOKNIr6uRpx845BWcCukjcGcmRGcod+6vVDXkcgEIumTFN14mwnTCNgksYZVuxgYjxAetBM6WKBWDayeSNET1Jle4khB8qpBP190bCAmOGgZdOBgz7Zt4bi/95zRj9y3YiVBQjKD495MeSYkjHndCu0MBRDlPCuBZpVsr7TDOOaXPZtAR3/uVFUisW3LNC8e48V7qe1ZEhh+SYnBKXXJASuSVlUiWcPJJn8krerCfrxXq3PqajS9Zs54D8gfX5A1SZlxM=</latexit>

S`
<latexit sha1_base64="Nip8AiF3c2zpo0sA5EIF8B5muEA=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwODYzM7mxmZk3Ihn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRDOtMCqlaAdUoeIR1w43AVqyQhoHAZjC6nvrNJ1Say+jejGP0QzqIeJ8zaqzUuHvooBDdYsktuzOQZeJlpAQZat3iV6cnWRJiZJigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkY0RO2ns2sn5MQqPdKXylZkyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lUZwYjNh8UT8RxEgyfZ30uEJmxNgSyhS3txI2pIoyYwMq2BC8xZeXSaNS9s7KldvzUvUqiyMPR3AMp+DBBVThBmpQBwaP8Ayv8OZI58V5dz7mrTknmzmEP3A+fwBn9I8E</latexit>

Let S` be the set of smooth functions from Rd to R.
<latexit sha1_base64="CVGaYAcVRZB6eex++YUSSjkZ6Ic="></latexit>

f 2 S` :
<latexit sha1_base64="4CCROEDpBK6o5lZLtgiiIz8vI14=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjNRUDwFvXiMaBbIRk+nJmnS0zN09yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzY8G1cd1vJ7Oyura+kd3MbW3v7O7l9w9qOkoUwyqLRKQaPtUouMSq4UZgI1ZIQ19g3R/eTPz6IyrNI/lgRjG2Q9qXPOCMGit1AtLiktx3WigEuermC27RnYIsE29OCjBHpZv/avUiloQoDRNU66bnxqadUmU4EzjOtRKNMWVD2sempZKGqNvp9OoxObFKjwSRsiUNmaq/J1Iaaj0KfdsZUjPQi95E/M9rJia4bKdcxolByWaLgkQQE5FJBKTHFTIjRpZQpri9lbABVZQZG1TOhuAtvrxMaqWid1Ys3Z0XytfzOLJwBMdwCh5cQBluoQJVYKDgGV7hzXlyXpx352PWmnHmM4fwB87nD/1ykYc=</latexit>

f(xt)� f(x?)  2`kx0 � x?k2

t
<latexit sha1_base64="ckexPytC+y9TgyabS6DdFq82Vtw="></latexit>



Gradient Descent on Smooth and Merely Convex Functions

Gradient Descent on

Proposition

Proof : On the white board!

Consider the gradient descent method initialized at x0 2 Rd on a function
<latexit sha1_base64="UNOfiA1OaR4uSfmWI6nZV6DPF4I="></latexit>

xt+1 = xt � ↵trf(xt)
<latexit sha1_base64="5C8HR6d0NxNbA4BWIrn4X4B8/5Y=">AAACEXicbVDLSsNAFJ3Ud31VXboZLEJFLEkVdCOIblwqWC00JdxMJ3boZBJmbsQS+gtu/BU3LhRx686df+OkduHrwMDhnHO5c0+YSmHQdT+c0sTk1PTM7Fx5fmFxabmysnppkkwz3mSJTHQrBMOlULyJAiVvpZpDHEp+FfZPCv/qhmsjEnWBg5R3YrhWIhIM0EpBpXYb5LjtDekhLdiQ7lAfZNqDAKmvIJRAI5vBraBSdevuCPQv8cakSsY4CyrvfjdhWcwVMgnGtD03xU4OGgWTfFj2M8NTYH245m1LFcTcdPLRRUO6aZUujRJtn0I6Ur9P5BAbM4hDm4wBe+a3V4j/ee0Mo4NOLlSaIVfsa1GUSYoJLeqhXaE5QzmwBJgW9q+U9UADQ1ti2Zbg/T75L7ls1L3deuN8r3p0PK5jlqyTDVIjHtknR+SUnJEmYeSOPJAn8uzcO4/Oi/P6FS0545k18gPO2yf/FZvc</latexit>

for a given sequence of stepsize (↵t)t�0.
<latexit sha1_base64="er4hyggK9zseEY2+C5POuuF01H4="></latexit>

Assume the sequence (↵t)t�0 is set to be constant, equal to ↵ =
1

`
.

<latexit sha1_base64="R/bY/Ry0i/y4X9n392GJMr21FZs="></latexit>

Then, for all t > 0,
<latexit sha1_base64="T8vxZTDxTHVBqcCHcS8Qt/yJnC8=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYhLAbBa0kaGMZIS9IQpid3E2GzM4uM3fFsKSy8VdsLBSx9Rvs/Bs3j0ITT3U4517uuceLpDDoON/W0vLK6tp6ZiO7ubW9s2vv7ddMGGsOVR7KUDc8ZkAKBVUUKKERaWCBJ6HuDW7Gfv0etBGhquAwgnbAekr4gjNMpY591EJ4wKTSB5Wnfqgpk5KOKNIr6uRpx845BWcCukjcGcmRGcod+6vVDXkcgEIumTFN14mwnTCNgksYZVuxgYjxAetBM6WKBWDayeSNET1Jle4khB8qpBP190bCAmOGgZdOBgz7Zt4bi/95zRj9y3YiVBQjKD495MeSYkjHndCu0MBRDlPCuBZpVsr7TDOOaXPZtAR3/uVFUisW3LNC8e48V7qe1ZEhh+SYnBKXXJASuSVlUiWcPJJn8krerCfrxXq3PqajS9Zs54D8gfX5A1SZlxM=</latexit>

S`
<latexit sha1_base64="Nip8AiF3c2zpo0sA5EIF8B5muEA=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwODYzM7mxmZk3Ihn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRDOtMCqlaAdUoeIR1w43AVqyQhoHAZjC6nvrNJ1Say+jejGP0QzqIeJ8zaqzUuHvooBDdYsktuzOQZeJlpAQZat3iV6cnWRJiZJigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkY0RO2ns2sn5MQqPdKXylZkyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lUZwYjNh8UT8RxEgyfZ30uEJmxNgSyhS3txI2pIoyYwMq2BC8xZeXSaNS9s7KldvzUvUqiyMPR3AMp+DBBVThBmpQBwaP8Ayv8OZI58V5dz7mrTknmzmEP3A+fwBn9I8E</latexit>

Let S` be the set of smooth functions from Rd to R.
<latexit sha1_base64="CVGaYAcVRZB6eex++YUSSjkZ6Ic="></latexit>

f 2 S` :
<latexit sha1_base64="4CCROEDpBK6o5lZLtgiiIz8vI14=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjNRUDwFvXiMaBbIRk+nJmnS0zN09yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzY8G1cd1vJ7Oyura+kd3MbW3v7O7l9w9qOkoUwyqLRKQaPtUouMSq4UZgI1ZIQ19g3R/eTPz6IyrNI/lgRjG2Q9qXPOCMGit1AtLiktx3WigEuermC27RnYIsE29OCjBHpZv/avUiloQoDRNU66bnxqadUmU4EzjOtRKNMWVD2sempZKGqNvp9OoxObFKjwSRsiUNmaq/J1Iaaj0KfdsZUjPQi95E/M9rJia4bKdcxolByWaLgkQQE5FJBKTHFTIjRpZQpri9lbABVZQZG1TOhuAtvrxMaqWid1Ys3Z0XytfzOLJwBMdwCh5cQBluoQJVYKDgGV7hzXlyXpx352PWmnHmM4fwB87nD/1ykYc=</latexit>

f(xt)� f(x?)  2`kx0 � x?k2

t
<latexit sha1_base64="ckexPytC+y9TgyabS6DdFq82Vtw="></latexit>



Gradient Descent on Smooth and Merely Convex Functions

Gradient Descent on

Proposition

Proof : On the white board!

Remarks :

The convergence is sub-linear!  

Consider the gradient descent method initialized at x0 2 Rd on a function
<latexit sha1_base64="UNOfiA1OaR4uSfmWI6nZV6DPF4I="></latexit>

xt+1 = xt � ↵trf(xt)
<latexit sha1_base64="5C8HR6d0NxNbA4BWIrn4X4B8/5Y=">AAACEXicbVDLSsNAFJ3Ud31VXboZLEJFLEkVdCOIblwqWC00JdxMJ3boZBJmbsQS+gtu/BU3LhRx686df+OkduHrwMDhnHO5c0+YSmHQdT+c0sTk1PTM7Fx5fmFxabmysnppkkwz3mSJTHQrBMOlULyJAiVvpZpDHEp+FfZPCv/qhmsjEnWBg5R3YrhWIhIM0EpBpXYb5LjtDekhLdiQ7lAfZNqDAKmvIJRAI5vBraBSdevuCPQv8cakSsY4CyrvfjdhWcwVMgnGtD03xU4OGgWTfFj2M8NTYH245m1LFcTcdPLRRUO6aZUujRJtn0I6Ur9P5BAbM4hDm4wBe+a3V4j/ee0Mo4NOLlSaIVfsa1GUSYoJLeqhXaE5QzmwBJgW9q+U9UADQ1ti2Zbg/T75L7ls1L3deuN8r3p0PK5jlqyTDVIjHtknR+SUnJEmYeSOPJAn8uzcO4/Oi/P6FS0545k18gPO2yf/FZvc</latexit>

for a given sequence of stepsize (↵t)t�0.
<latexit sha1_base64="er4hyggK9zseEY2+C5POuuF01H4="></latexit>

Assume the sequence (↵t)t�0 is set to be constant, equal to ↵ =
1

`
.

<latexit sha1_base64="R/bY/Ry0i/y4X9n392GJMr21FZs="></latexit>

Then, for all t > 0,
<latexit sha1_base64="T8vxZTDxTHVBqcCHcS8Qt/yJnC8=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYhLAbBa0kaGMZIS9IQpid3E2GzM4uM3fFsKSy8VdsLBSx9Rvs/Bs3j0ITT3U4517uuceLpDDoON/W0vLK6tp6ZiO7ubW9s2vv7ddMGGsOVR7KUDc8ZkAKBVUUKKERaWCBJ6HuDW7Gfv0etBGhquAwgnbAekr4gjNMpY591EJ4wKTSB5Wnfqgpk5KOKNIr6uRpx845BWcCukjcGcmRGcod+6vVDXkcgEIumTFN14mwnTCNgksYZVuxgYjxAetBM6WKBWDayeSNET1Jle4khB8qpBP190bCAmOGgZdOBgz7Zt4bi/95zRj9y3YiVBQjKD495MeSYkjHndCu0MBRDlPCuBZpVsr7TDOOaXPZtAR3/uVFUisW3LNC8e48V7qe1ZEhh+SYnBKXXJASuSVlUiWcPJJn8krerCfrxXq3PqajS9Zs54D8gfX5A1SZlxM=</latexit>

S`
<latexit sha1_base64="Nip8AiF3c2zpo0sA5EIF8B5muEA=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwODYzM7mxmZk3Ihn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRDOtMCqlaAdUoeIR1w43AVqyQhoHAZjC6nvrNJ1Say+jejGP0QzqIeJ8zaqzUuHvooBDdYsktuzOQZeJlpAQZat3iV6cnWRJiZJigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkY0RO2ns2sn5MQqPdKXylZkyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lUZwYjNh8UT8RxEgyfZ30uEJmxNgSyhS3txI2pIoyYwMq2BC8xZeXSaNS9s7KldvzUvUqiyMPR3AMp+DBBVThBmpQBwaP8Ayv8OZI58V5dz7mrTknmzmEP3A+fwBn9I8E</latexit>

Let S` be the set of smooth functions from Rd to R.
<latexit sha1_base64="CVGaYAcVRZB6eex++YUSSjkZ6Ic="></latexit>

f 2 S` :
<latexit sha1_base64="4CCROEDpBK6o5lZLtgiiIz8vI14=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjNRUDwFvXiMaBbIRk+nJmnS0zN09yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzY8G1cd1vJ7Oyura+kd3MbW3v7O7l9w9qOkoUwyqLRKQaPtUouMSq4UZgI1ZIQ19g3R/eTPz6IyrNI/lgRjG2Q9qXPOCMGit1AtLiktx3WigEuermC27RnYIsE29OCjBHpZv/avUiloQoDRNU66bnxqadUmU4EzjOtRKNMWVD2sempZKGqNvp9OoxObFKjwSRsiUNmaq/J1Iaaj0KfdsZUjPQi95E/M9rJia4bKdcxolByWaLgkQQE5FJBKTHFTIjRpZQpri9lbABVZQZG1TOhuAtvrxMaqWid1Ys3Z0XytfzOLJwBMdwCh5cQBluoQJVYKDgGV7hzXlyXpx352PWmnHmM4fwB87nD/1ykYc=</latexit>

f(xt)� f(x?)  2`kx0 � x?k2

t
<latexit sha1_base64="ckexPytC+y9TgyabS6DdFq82Vtw="></latexit>



Gradient Descent on Smooth and Merely Convex Functions

Gradient Descent on

Proposition

Proof : On the white board!

Remarks :

The convergence is sub-linear!  

Consider the gradient descent method initialized at x0 2 Rd on a function
<latexit sha1_base64="UNOfiA1OaR4uSfmWI6nZV6DPF4I="></latexit>

xt+1 = xt � ↵trf(xt)
<latexit sha1_base64="5C8HR6d0NxNbA4BWIrn4X4B8/5Y=">AAACEXicbVDLSsNAFJ3Ud31VXboZLEJFLEkVdCOIblwqWC00JdxMJ3boZBJmbsQS+gtu/BU3LhRx686df+OkduHrwMDhnHO5c0+YSmHQdT+c0sTk1PTM7Fx5fmFxabmysnppkkwz3mSJTHQrBMOlULyJAiVvpZpDHEp+FfZPCv/qhmsjEnWBg5R3YrhWIhIM0EpBpXYb5LjtDekhLdiQ7lAfZNqDAKmvIJRAI5vBraBSdevuCPQv8cakSsY4CyrvfjdhWcwVMgnGtD03xU4OGgWTfFj2M8NTYH245m1LFcTcdPLRRUO6aZUujRJtn0I6Ur9P5BAbM4hDm4wBe+a3V4j/ee0Mo4NOLlSaIVfsa1GUSYoJLeqhXaE5QzmwBJgW9q+U9UADQ1ti2Zbg/T75L7ls1L3deuN8r3p0PK5jlqyTDVIjHtknR+SUnJEmYeSOPJAn8uzcO4/Oi/P6FS0545k18gPO2yf/FZvc</latexit>

for a given sequence of stepsize (↵t)t�0.
<latexit sha1_base64="er4hyggK9zseEY2+C5POuuF01H4="></latexit>

Assume the sequence (↵t)t�0 is set to be constant, equal to ↵ =
1

`
.

<latexit sha1_base64="R/bY/Ry0i/y4X9n392GJMr21FZs="></latexit>

Then, for all t > 0,
<latexit sha1_base64="T8vxZTDxTHVBqcCHcS8Qt/yJnC8=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYhLAbBa0kaGMZIS9IQpid3E2GzM4uM3fFsKSy8VdsLBSx9Rvs/Bs3j0ITT3U4517uuceLpDDoON/W0vLK6tp6ZiO7ubW9s2vv7ddMGGsOVR7KUDc8ZkAKBVUUKKERaWCBJ6HuDW7Gfv0etBGhquAwgnbAekr4gjNMpY591EJ4wKTSB5Wnfqgpk5KOKNIr6uRpx845BWcCukjcGcmRGcod+6vVDXkcgEIumTFN14mwnTCNgksYZVuxgYjxAetBM6WKBWDayeSNET1Jle4khB8qpBP190bCAmOGgZdOBgz7Zt4bi/95zRj9y3YiVBQjKD495MeSYkjHndCu0MBRDlPCuBZpVsr7TDOOaXPZtAR3/uVFUisW3LNC8e48V7qe1ZEhh+SYnBKXXJASuSVlUiWcPJJn8krerCfrxXq3PqajS9Zs54D8gfX5A1SZlxM=</latexit>

S`
<latexit sha1_base64="Nip8AiF3c2zpo0sA5EIF8B5muEA=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwODYzM7mxmZk3Ihn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRDOtMCqlaAdUoeIR1w43AVqyQhoHAZjC6nvrNJ1Say+jejGP0QzqIeJ8zaqzUuHvooBDdYsktuzOQZeJlpAQZat3iV6cnWRJiZJigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkY0RO2ns2sn5MQqPdKXylZkyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lUZwYjNh8UT8RxEgyfZ30uEJmxNgSyhS3txI2pIoyYwMq2BC8xZeXSaNS9s7KldvzUvUqiyMPR3AMp+DBBVThBmpQBwaP8Ayv8OZI58V5dz7mrTknmzmEP3A+fwBn9I8E</latexit>

Let S` be the set of smooth functions from Rd to R.
<latexit sha1_base64="CVGaYAcVRZB6eex++YUSSjkZ6Ic="></latexit>

f 2 S` :
<latexit sha1_base64="4CCROEDpBK6o5lZLtgiiIz8vI14=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjNRUDwFvXiMaBbIRk+nJmnS0zN09yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzY8G1cd1vJ7Oyura+kd3MbW3v7O7l9w9qOkoUwyqLRKQaPtUouMSq4UZgI1ZIQ19g3R/eTPz6IyrNI/lgRjG2Q9qXPOCMGit1AtLiktx3WigEuermC27RnYIsE29OCjBHpZv/avUiloQoDRNU66bnxqadUmU4EzjOtRKNMWVD2sempZKGqNvp9OoxObFKjwSRsiUNmaq/J1Iaaj0KfdsZUjPQi95E/M9rJia4bKdcxolByWaLgkQQE5FJBKTHFTIjRpZQpri9lbABVZQZG1TOhuAtvrxMaqWid1Ys3Z0XytfzOLJwBMdwCh5cQBluoQJVYKDgGV7hzXlyXpx352PWmnHmM4fwB87nD/1ykYc=</latexit>

f(xt)� f(x?)  2`kx0 � x?k2

t
<latexit sha1_base64="ckexPytC+y9TgyabS6DdFq82Vtw="></latexit>

 is no longer the metric of complexity dictating the performance of (GD).
<latexit sha1_base64="UFOoqz9LnNznMh0CxpI8oQaxmv8="></latexit>

of (GD), but `, the smoothness constant still does.
<latexit sha1_base64="FEwKrpY8A6ea2LH2N2RL2AfZ9QU="></latexit>



Gradient Descent on Smooth and Merely Convex Functions

Gradient Descent on

Proposition

Proof : On the white board!

Remarks :

The convergence is sub-linear!  

Consider the gradient descent method initialized at x0 2 Rd on a function
<latexit sha1_base64="UNOfiA1OaR4uSfmWI6nZV6DPF4I="></latexit>

xt+1 = xt � ↵trf(xt)
<latexit sha1_base64="5C8HR6d0NxNbA4BWIrn4X4B8/5Y=">AAACEXicbVDLSsNAFJ3Ud31VXboZLEJFLEkVdCOIblwqWC00JdxMJ3boZBJmbsQS+gtu/BU3LhRx686df+OkduHrwMDhnHO5c0+YSmHQdT+c0sTk1PTM7Fx5fmFxabmysnppkkwz3mSJTHQrBMOlULyJAiVvpZpDHEp+FfZPCv/qhmsjEnWBg5R3YrhWIhIM0EpBpXYb5LjtDekhLdiQ7lAfZNqDAKmvIJRAI5vBraBSdevuCPQv8cakSsY4CyrvfjdhWcwVMgnGtD03xU4OGgWTfFj2M8NTYH245m1LFcTcdPLRRUO6aZUujRJtn0I6Ur9P5BAbM4hDm4wBe+a3V4j/ee0Mo4NOLlSaIVfsa1GUSYoJLeqhXaE5QzmwBJgW9q+U9UADQ1ti2Zbg/T75L7ls1L3deuN8r3p0PK5jlqyTDVIjHtknR+SUnJEmYeSOPJAn8uzcO4/Oi/P6FS0545k18gPO2yf/FZvc</latexit>

for a given sequence of stepsize (↵t)t�0.
<latexit sha1_base64="er4hyggK9zseEY2+C5POuuF01H4="></latexit>

Assume the sequence (↵t)t�0 is set to be constant, equal to ↵ =
1

`
.

<latexit sha1_base64="R/bY/Ry0i/y4X9n392GJMr21FZs="></latexit>

Then, for all t > 0,
<latexit sha1_base64="T8vxZTDxTHVBqcCHcS8Qt/yJnC8=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYhLAbBa0kaGMZIS9IQpid3E2GzM4uM3fFsKSy8VdsLBSx9Rvs/Bs3j0ITT3U4517uuceLpDDoON/W0vLK6tp6ZiO7ubW9s2vv7ddMGGsOVR7KUDc8ZkAKBVUUKKERaWCBJ6HuDW7Gfv0etBGhquAwgnbAekr4gjNMpY591EJ4wKTSB5Wnfqgpk5KOKNIr6uRpx845BWcCukjcGcmRGcod+6vVDXkcgEIumTFN14mwnTCNgksYZVuxgYjxAetBM6WKBWDayeSNET1Jle4khB8qpBP190bCAmOGgZdOBgz7Zt4bi/95zRj9y3YiVBQjKD495MeSYkjHndCu0MBRDlPCuBZpVsr7TDOOaXPZtAR3/uVFUisW3LNC8e48V7qe1ZEhh+SYnBKXXJASuSVlUiWcPJJn8krerCfrxXq3PqajS9Zs54D8gfX5A1SZlxM=</latexit>

S`
<latexit sha1_base64="Nip8AiF3c2zpo0sA5EIF8B5muEA=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwODYzM7mxmZk3Ihn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRDOtMCqlaAdUoeIR1w43AVqyQhoHAZjC6nvrNJ1Say+jejGP0QzqIeJ8zaqzUuHvooBDdYsktuzOQZeJlpAQZat3iV6cnWRJiZJigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkY0RO2ns2sn5MQqPdKXylZkyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lUZwYjNh8UT8RxEgyfZ30uEJmxNgSyhS3txI2pIoyYwMq2BC8xZeXSaNS9s7KldvzUvUqiyMPR3AMp+DBBVThBmpQBwaP8Ayv8OZI58V5dz7mrTknmzmEP3A+fwBn9I8E</latexit>

Let S` be the set of smooth functions from Rd to R.
<latexit sha1_base64="CVGaYAcVRZB6eex++YUSSjkZ6Ic="></latexit>

f 2 S` :
<latexit sha1_base64="4CCROEDpBK6o5lZLtgiiIz8vI14=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjNRUDwFvXiMaBbIRk+nJmnS0zN09yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzY8G1cd1vJ7Oyura+kd3MbW3v7O7l9w9qOkoUwyqLRKQaPtUouMSq4UZgI1ZIQ19g3R/eTPz6IyrNI/lgRjG2Q9qXPOCMGit1AtLiktx3WigEuermC27RnYIsE29OCjBHpZv/avUiloQoDRNU66bnxqadUmU4EzjOtRKNMWVD2sempZKGqNvp9OoxObFKjwSRsiUNmaq/J1Iaaj0KfdsZUjPQi95E/M9rJia4bKdcxolByWaLgkQQE5FJBKTHFTIjRpZQpri9lbABVZQZG1TOhuAtvrxMaqWid1Ys3Z0XytfzOLJwBMdwCh5cQBluoQJVYKDgGV7hzXlyXpx352PWmnHmM4fwB87nD/1ykYc=</latexit>

f(xt)� f(x?)  2`kx0 � x?k2

t
<latexit sha1_base64="ckexPytC+y9TgyabS6DdFq82Vtw="></latexit>

 is no longer the metric of complexity dictating the performance of (GD).
<latexit sha1_base64="UFOoqz9LnNznMh0CxpI8oQaxmv8="></latexit>

of (GD), but `, the smoothness constant still does.
<latexit sha1_base64="FEwKrpY8A6ea2LH2N2RL2AfZ9QU="></latexit>

The metric of convergence is now the functional gap f(xk)� f(x?).
<latexit sha1_base64="RnspZbG3a54H+M/JDSU5cYRI3cs="></latexit>

It is a common metric in non-strongly convex settings.
<latexit sha1_base64="HXG9cOvVZ3F8Gl6DJc8os6X8cLA=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIIXw24U9CSiF71FMDGQhDA76cQh81hmesWw5G+8+CteBBXRo3/iJOag0YKGoqqb7q44kcJhGH4EU9Mzs3PzC4u5peWV1bX8+kbVmdRyqHAjja3FzIEUGiooUEItscBULOE67p0N/etbsE4YfYX9BJqKdbXoCM7QS638cQPhDrMLpMJRRrlRymiqAK3gVGiqjd5zaI3uyr539S3cUQeIQnfdoEhb+UJYDEegf0k0JgUyRrmVf260DU8VaOSSOVePwgSbGbMouIRBrpE6SBjvsS7UPdVMgWtmoz8HdMcrbdox1pdGOlJ/TmRMOddXse9UDG/cpDcU//PqKXaOmpnQSYqg+feiTiopGjoMjbaFBY4+gbZg3Ap/K+U3zDKOPtqcDyGafPkvqZaK0X6xdHlQODkdx7FAtsg22SUROSQn5JyUSYVwck8eyQt5DR6Cp+AteP9unQrGM5vkF4LPL49bpl4=</latexit>

Alternatively, we often encounter the norm of the gradient krf(xk)k.
<latexit sha1_base64="p/UZT1CHhiqTgOdf2fFGm6oriR0="></latexit>



Gradient Descent on Smooth and Merely Convex Functions

Gradient Descent on

Proposition

Proof : On the white board!

Remarks :

The convergence is sub-linear!  

Consider the gradient descent method initialized at x0 2 Rd on a function
<latexit sha1_base64="UNOfiA1OaR4uSfmWI6nZV6DPF4I="></latexit>

xt+1 = xt � ↵trf(xt)
<latexit sha1_base64="5C8HR6d0NxNbA4BWIrn4X4B8/5Y=">AAACEXicbVDLSsNAFJ3Ud31VXboZLEJFLEkVdCOIblwqWC00JdxMJ3boZBJmbsQS+gtu/BU3LhRx686df+OkduHrwMDhnHO5c0+YSmHQdT+c0sTk1PTM7Fx5fmFxabmysnppkkwz3mSJTHQrBMOlULyJAiVvpZpDHEp+FfZPCv/qhmsjEnWBg5R3YrhWIhIM0EpBpXYb5LjtDekhLdiQ7lAfZNqDAKmvIJRAI5vBraBSdevuCPQv8cakSsY4CyrvfjdhWcwVMgnGtD03xU4OGgWTfFj2M8NTYH245m1LFcTcdPLRRUO6aZUujRJtn0I6Ur9P5BAbM4hDm4wBe+a3V4j/ee0Mo4NOLlSaIVfsa1GUSYoJLeqhXaE5QzmwBJgW9q+U9UADQ1ti2Zbg/T75L7ls1L3deuN8r3p0PK5jlqyTDVIjHtknR+SUnJEmYeSOPJAn8uzcO4/Oi/P6FS0545k18gPO2yf/FZvc</latexit>

for a given sequence of stepsize (↵t)t�0.
<latexit sha1_base64="er4hyggK9zseEY2+C5POuuF01H4="></latexit>

Assume the sequence (↵t)t�0 is set to be constant, equal to ↵ =
1

`
.

<latexit sha1_base64="R/bY/Ry0i/y4X9n392GJMr21FZs="></latexit>

Then, for all t > 0,
<latexit sha1_base64="T8vxZTDxTHVBqcCHcS8Qt/yJnC8=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYhLAbBa0kaGMZIS9IQpid3E2GzM4uM3fFsKSy8VdsLBSx9Rvs/Bs3j0ITT3U4517uuceLpDDoON/W0vLK6tp6ZiO7ubW9s2vv7ddMGGsOVR7KUDc8ZkAKBVUUKKERaWCBJ6HuDW7Gfv0etBGhquAwgnbAekr4gjNMpY591EJ4wKTSB5Wnfqgpk5KOKNIr6uRpx845BWcCukjcGcmRGcod+6vVDXkcgEIumTFN14mwnTCNgksYZVuxgYjxAetBM6WKBWDayeSNET1Jle4khB8qpBP190bCAmOGgZdOBgz7Zt4bi/95zRj9y3YiVBQjKD495MeSYkjHndCu0MBRDlPCuBZpVsr7TDOOaXPZtAR3/uVFUisW3LNC8e48V7qe1ZEhh+SYnBKXXJASuSVlUiWcPJJn8krerCfrxXq3PqajS9Zs54D8gfX5A1SZlxM=</latexit>

S`
<latexit sha1_base64="Nip8AiF3c2zpo0sA5EIF8B5muEA=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwODYzM7mxmZk3Ihn/w4kFjvPo/3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRDOtMCqlaAdUoeIR1w43AVqyQhoHAZjC6nvrNJ1Say+jejGP0QzqIeJ8zaqzUuHvooBDdYsktuzOQZeJlpAQZat3iV6cnWRJiZJigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkY0RO2ns2sn5MQqPdKXylZkyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lUZwYjNh8UT8RxEgyfZ30uEJmxNgSyhS3txI2pIoyYwMq2BC8xZeXSaNS9s7KldvzUvUqiyMPR3AMp+DBBVThBmpQBwaP8Ayv8OZI58V5dz7mrTknmzmEP3A+fwBn9I8E</latexit>

Let S` be the set of smooth functions from Rd to R.
<latexit sha1_base64="CVGaYAcVRZB6eex++YUSSjkZ6Ic="></latexit>

f 2 S` :
<latexit sha1_base64="4CCROEDpBK6o5lZLtgiiIz8vI14=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4CjNRUDwFvXiMaBbIRk+nJmnS0zN09yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzY8G1cd1vJ7Oyura+kd3MbW3v7O7l9w9qOkoUwyqLRKQaPtUouMSq4UZgI1ZIQ19g3R/eTPz6IyrNI/lgRjG2Q9qXPOCMGit1AtLiktx3WigEuermC27RnYIsE29OCjBHpZv/avUiloQoDRNU66bnxqadUmU4EzjOtRKNMWVD2sempZKGqNvp9OoxObFKjwSRsiUNmaq/J1Iaaj0KfdsZUjPQi95E/M9rJia4bKdcxolByWaLgkQQE5FJBKTHFTIjRpZQpri9lbABVZQZG1TOhuAtvrxMaqWid1Ys3Z0XytfzOLJwBMdwCh5cQBluoQJVYKDgGV7hzXlyXpx352PWmnHmM4fwB87nD/1ykYc=</latexit>

f(xt)� f(x?)  2`kx0 � x?k2

t
<latexit sha1_base64="ckexPytC+y9TgyabS6DdFq82Vtw="></latexit>

 is no longer the metric of complexity dictating the performance of (GD).
<latexit sha1_base64="UFOoqz9LnNznMh0CxpI8oQaxmv8="></latexit>

of (GD), but `, the smoothness constant still does.
<latexit sha1_base64="FEwKrpY8A6ea2LH2N2RL2AfZ9QU="></latexit>

The metric of convergence is now the functional gap f(xk)� f(x?).
<latexit sha1_base64="RnspZbG3a54H+M/JDSU5cYRI3cs="></latexit>

It is a common metric in non-strongly convex settings.
<latexit sha1_base64="HXG9cOvVZ3F8Gl6DJc8os6X8cLA=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIIXw24U9CSiF71FMDGQhDA76cQh81hmesWw5G+8+CteBBXRo3/iJOag0YKGoqqb7q44kcJhGH4EU9Mzs3PzC4u5peWV1bX8+kbVmdRyqHAjja3FzIEUGiooUEItscBULOE67p0N/etbsE4YfYX9BJqKdbXoCM7QS638cQPhDrMLpMJRRrlRymiqAK3gVGiqjd5zaI3uyr539S3cUQeIQnfdoEhb+UJYDEegf0k0JgUyRrmVf260DU8VaOSSOVePwgSbGbMouIRBrpE6SBjvsS7UPdVMgWtmoz8HdMcrbdox1pdGOlJ/TmRMOddXse9UDG/cpDcU//PqKXaOmpnQSYqg+feiTiopGjoMjbaFBY4+gbZg3Ap/K+U3zDKOPtqcDyGafPkvqZaK0X6xdHlQODkdx7FAtsg22SUROSQn5JyUSYVwck8eyQt5DR6Cp+AteP9unQrGM5vkF4LPL49bpl4=</latexit>

Alternatively, we often encounter the norm of the gradient krf(xk)k.
<latexit sha1_base64="p/UZT1CHhiqTgOdf2fFGm6oriR0="></latexit>

Here again, there exists accelerated variants of (GD) that achieve a much faster rate, of order O

✓
1

t

◆
.

<latexit sha1_base64="Ag74diLDC9UGb/dkxM/rgwFZ6Tw="></latexit>

a much faster rate, of order O

✓
1

t2

◆
.

<latexit sha1_base64="XZB0x9p6YnJ8Q+2U8WRb/+hM8Ds="></latexit>



1. Setting up an optimization problem

2. Recalls on Gradient Descent

3. The quadratic case 

4. The smooth and strongly convex case

5. The smooth and merely convex case

6. Stochastic gradient descent



Large-Scale Stochastic Optimization

Limitations of batch gradient methods 

Recall that ERM aims at solving
<latexit sha1_base64="+Zv7wxOVPD4bQKC9DQvVPIZlRvg=">AAACEXicbVA9SwNBFNyL3/ErammzGASrcBcFLYMi2AgqRoUkhHebl2TJ3t6x+04MR/6CjX/FxkIRWzs7/42bmEKNAwvDzHu8nQkTJS35/qeXm5qemZ2bX8gvLi2vrBbW1q9snBqBVRGr2NyEYFFJjVWSpPAmMQhRqPA67B0N/etbNFbG+pL6CTYi6GjZlgLISc3CTp3wjrILFKAUpy4QP7445SAjyx23sbqVusMHvFko+iV/BD5JgjEpsjHOmoWPeisWaYSahAJra4GfUCMDQ1IoHOTrqcUERA86WHNUQ4S2kY0SDfi2U1q8HRv3NPGR+nMjg8jafhS6yQioa/96Q/E/r5ZS+6CRSZ2khFp8H2qnLnnMh/XwljQoSPUdAWGk+ysXXTAgyJWYdyUEfyNPkqtyKdgtlc/3ipXDcR3zbJNtsR0WsH1WYSfsjFWZYPfskT2zF+/Be/Jevbfv0Zw33tlgv+C9fwFBSJyh</latexit>

min
w2Rd

1

n

nX

i=1

L (yi, f(w, xi))
<latexit sha1_base64="tYEtp6ZCMYxDOa86s2oSRJCJwYA="></latexit>



Large-Scale Stochastic Optimization

Limitations of batch gradient methods 

Recall that ERM aims at solving
<latexit sha1_base64="+Zv7wxOVPD4bQKC9DQvVPIZlRvg=">AAACEXicbVA9SwNBFNyL3/ErammzGASrcBcFLYMi2AgqRoUkhHebl2TJ3t6x+04MR/6CjX/FxkIRWzs7/42bmEKNAwvDzHu8nQkTJS35/qeXm5qemZ2bX8gvLi2vrBbW1q9snBqBVRGr2NyEYFFJjVWSpPAmMQhRqPA67B0N/etbNFbG+pL6CTYi6GjZlgLISc3CTp3wjrILFKAUpy4QP7445SAjyx23sbqVusMHvFko+iV/BD5JgjEpsjHOmoWPeisWaYSahAJra4GfUCMDQ1IoHOTrqcUERA86WHNUQ4S2kY0SDfi2U1q8HRv3NPGR+nMjg8jafhS6yQioa/96Q/E/r5ZS+6CRSZ2khFp8H2qnLnnMh/XwljQoSPUdAWGk+ysXXTAgyJWYdyUEfyNPkqtyKdgtlc/3ipXDcR3zbJNtsR0WsH1WYSfsjFWZYPfskT2zF+/Be/Jevbfv0Zw33tlgv+C9fwFBSJyh</latexit>

min
w2Rd

1

n

nX

i=1

L (yi, f(w, xi))
<latexit sha1_base64="tYEtp6ZCMYxDOa86s2oSRJCJwYA="></latexit>

The gradient method on the above problem writes
<latexit sha1_base64="DaypOXC3pIExDvm1S+/STOpaZKE=">AAACIHicbVDLTgIxFO34RHyhLt00EhNXZEZNcEl04xITQBIgpNO5QGM7nbR3UDLhU9z4K25caIzu9GssyELFkzQ5Oec+ek+YSGHR9z+8hcWl5ZXV3Fp+fWNza7uws9uwOjUc6lxLbZohsyBFDHUUKKGZGGAqlHAd3lxM/OshGCt0XMNRAh3F+rHoCc7QSd1CuY1wh1ltALRvWCQgRqoABzqiOqboZBbqIdDEaDdS0VsjECwddwtFv+RPQedJMCNFMkO1W3hvR5qnyi3gklnbCvwEOxkzKLiEcb6dWkgYv2F9aDkaMwW2k00PHNNDp0S0p4177oNT9WdHxpS1IxW6SsVwYP96E/E/r5Vi76yTiThJEWL+vaiXSoqaTtKikTDAUY4cYdydLjjlA2YYR5dp3oUQ/D15njSOS8FJ6fjqtFg5n8WRI/vkgByRgJRJhVySKqkTTu7JI3kmL96D9+S9em/fpQverGeP/IL3+QUwj6OY</latexit>

wt+1 = wt � ↵
@

@w

"
1

n

nX

i=1

L (yi, f (w, xi))

#
(wt)

= wt � ↵
1

n

nX

i=1

@

@w
L (yi, f (w, xi)) (wt)

<latexit sha1_base64="JKshUtBJZoVzllRbYBz6z3gGxbk="></latexit>



Large-Scale Stochastic Optimization

Limitations of batch gradient methods 

Recall that ERM aims at solving
<latexit sha1_base64="+Zv7wxOVPD4bQKC9DQvVPIZlRvg=">AAACEXicbVA9SwNBFNyL3/ErammzGASrcBcFLYMi2AgqRoUkhHebl2TJ3t6x+04MR/6CjX/FxkIRWzs7/42bmEKNAwvDzHu8nQkTJS35/qeXm5qemZ2bX8gvLi2vrBbW1q9snBqBVRGr2NyEYFFJjVWSpPAmMQhRqPA67B0N/etbNFbG+pL6CTYi6GjZlgLISc3CTp3wjrILFKAUpy4QP7445SAjyx23sbqVusMHvFko+iV/BD5JgjEpsjHOmoWPeisWaYSahAJra4GfUCMDQ1IoHOTrqcUERA86WHNUQ4S2kY0SDfi2U1q8HRv3NPGR+nMjg8jafhS6yQioa/96Q/E/r5ZS+6CRSZ2khFp8H2qnLnnMh/XwljQoSPUdAWGk+ysXXTAgyJWYdyUEfyNPkqtyKdgtlc/3ipXDcR3zbJNtsR0WsH1WYSfsjFWZYPfskT2zF+/Be/Jevbfv0Zw33tlgv+C9fwFBSJyh</latexit>

min
w2Rd

1

n

nX

i=1

L (yi, f(w, xi))
<latexit sha1_base64="tYEtp6ZCMYxDOa86s2oSRJCJwYA="></latexit>

The gradient method on the above problem writes
<latexit sha1_base64="DaypOXC3pIExDvm1S+/STOpaZKE=">AAACIHicbVDLTgIxFO34RHyhLt00EhNXZEZNcEl04xITQBIgpNO5QGM7nbR3UDLhU9z4K25caIzu9GssyELFkzQ5Oec+ek+YSGHR9z+8hcWl5ZXV3Fp+fWNza7uws9uwOjUc6lxLbZohsyBFDHUUKKGZGGAqlHAd3lxM/OshGCt0XMNRAh3F+rHoCc7QSd1CuY1wh1ltALRvWCQgRqoABzqiOqboZBbqIdDEaDdS0VsjECwddwtFv+RPQedJMCNFMkO1W3hvR5qnyi3gklnbCvwEOxkzKLiEcb6dWkgYv2F9aDkaMwW2k00PHNNDp0S0p4177oNT9WdHxpS1IxW6SsVwYP96E/E/r5Vi76yTiThJEWL+vaiXSoqaTtKikTDAUY4cYdydLjjlA2YYR5dp3oUQ/D15njSOS8FJ6fjqtFg5n8WRI/vkgByRgJRJhVySKqkTTu7JI3kmL96D9+S9em/fpQverGeP/IL3+QUwj6OY</latexit>

wt+1 = wt � ↵
@

@w

"
1

n

nX

i=1

L (yi, f (w, xi))

#
(wt)

= wt � ↵
1

n

nX

i=1

@

@w
L (yi, f (w, xi)) (wt)

<latexit sha1_base64="JKshUtBJZoVzllRbYBz6z3gGxbk="></latexit>



Large-Scale Stochastic Optimization

Limitations of batch gradient methods 

Recall that ERM aims at solving
<latexit sha1_base64="+Zv7wxOVPD4bQKC9DQvVPIZlRvg=">AAACEXicbVA9SwNBFNyL3/ErammzGASrcBcFLYMi2AgqRoUkhHebl2TJ3t6x+04MR/6CjX/FxkIRWzs7/42bmEKNAwvDzHu8nQkTJS35/qeXm5qemZ2bX8gvLi2vrBbW1q9snBqBVRGr2NyEYFFJjVWSpPAmMQhRqPA67B0N/etbNFbG+pL6CTYi6GjZlgLISc3CTp3wjrILFKAUpy4QP7445SAjyx23sbqVusMHvFko+iV/BD5JgjEpsjHOmoWPeisWaYSahAJra4GfUCMDQ1IoHOTrqcUERA86WHNUQ4S2kY0SDfi2U1q8HRv3NPGR+nMjg8jafhS6yQioa/96Q/E/r5ZS+6CRSZ2khFp8H2qnLnnMh/XwljQoSPUdAWGk+ysXXTAgyJWYdyUEfyNPkqtyKdgtlc/3ipXDcR3zbJNtsR0WsH1WYSfsjFWZYPfskT2zF+/Be/Jevbfv0Zw33tlgv+C9fwFBSJyh</latexit>

min
w2Rd

1

n

nX

i=1

L (yi, f(w, xi))
<latexit sha1_base64="tYEtp6ZCMYxDOa86s2oSRJCJwYA="></latexit>

The gradient method on the above problem writes
<latexit sha1_base64="DaypOXC3pIExDvm1S+/STOpaZKE=">AAACIHicbVDLTgIxFO34RHyhLt00EhNXZEZNcEl04xITQBIgpNO5QGM7nbR3UDLhU9z4K25caIzu9GssyELFkzQ5Oec+ek+YSGHR9z+8hcWl5ZXV3Fp+fWNza7uws9uwOjUc6lxLbZohsyBFDHUUKKGZGGAqlHAd3lxM/OshGCt0XMNRAh3F+rHoCc7QSd1CuY1wh1ltALRvWCQgRqoABzqiOqboZBbqIdDEaDdS0VsjECwddwtFv+RPQedJMCNFMkO1W3hvR5qnyi3gklnbCvwEOxkzKLiEcb6dWkgYv2F9aDkaMwW2k00PHNNDp0S0p4177oNT9WdHxpS1IxW6SsVwYP96E/E/r5Vi76yTiThJEWL+vaiXSoqaTtKikTDAUY4cYdydLjjlA2YYR5dp3oUQ/D15njSOS8FJ6fjqtFg5n8WRI/vkgByRgJRJhVySKqkTTu7JI3kmL96D9+S9em/fpQverGeP/IL3+QUwj6OY</latexit>

wt+1 = wt � ↵
@

@w

"
1

n

nX

i=1

L (yi, f (w, xi))

#
(wt)

= wt � ↵
1

n

nX

i=1

@

@w
L (yi, f (w, xi)) (wt)

<latexit sha1_base64="JKshUtBJZoVzllRbYBz6z3gGxbk="></latexit>

In modern ML applications, n is very large, which makes GD or SubGradient impractical.
<latexit sha1_base64="YYZXnn7XO0bcJB0QgfGbN0ImDRc="></latexit>

which makes GD or SubGradient impractical.
<latexit sha1_base64="H15HfYrt6tM26F41EHCQ5rGr6qI=">AAACG3icbVDLSsNAFJ34rPUVdelmsAiuSlIFXRYV6rKifUAbymR60w6dScLMRC2h/+HGX3HjQhFXggv/xknbhbbe1eGc+zj3+DFnSjvOt7WwuLS8sppby69vbG5t2zu7dRUlkkKNRjySTZ8o4CyEmmaaQzOWQITPoeEPLjK9cQdSsSi81cMYPEF6IQsYJdpQHbvU1vCg0/s+o30syAAUrlziSOKbxK9I0mUQasxELAnVZogX8ahjF5yiMy48D9wpKKBpVTv2Z7sb0USYVZQTpVquE2svJdJs5DDKtxMFMaED0oOWgSERoLx0/NsIHxqmiwPjKIiMlTH7eyIlQqmh8E2nILqvZrWM/E9rJTo481IWxomGkE4OBQnHOsJZULjLJFDNhwYQKpnximmfZDmYOPMmBHf25XlQLxXd42Lp+qRQPp/GkUP76AAdIRedojK6QlVUQxQ9omf0it6sJ+vFerc+Jq0L1nRmD/0p6+sHkiahGw==</latexit>



Large-Scale Stochastic Optimization

Limitations of batch gradient methods  From batch to mini-batch methods

Recall that ERM aims at solving
<latexit sha1_base64="+Zv7wxOVPD4bQKC9DQvVPIZlRvg=">AAACEXicbVA9SwNBFNyL3/ErammzGASrcBcFLYMi2AgqRoUkhHebl2TJ3t6x+04MR/6CjX/FxkIRWzs7/42bmEKNAwvDzHu8nQkTJS35/qeXm5qemZ2bX8gvLi2vrBbW1q9snBqBVRGr2NyEYFFJjVWSpPAmMQhRqPA67B0N/etbNFbG+pL6CTYi6GjZlgLISc3CTp3wjrILFKAUpy4QP7445SAjyx23sbqVusMHvFko+iV/BD5JgjEpsjHOmoWPeisWaYSahAJra4GfUCMDQ1IoHOTrqcUERA86WHNUQ4S2kY0SDfi2U1q8HRv3NPGR+nMjg8jafhS6yQioa/96Q/E/r5ZS+6CRSZ2khFp8H2qnLnnMh/XwljQoSPUdAWGk+ysXXTAgyJWYdyUEfyNPkqtyKdgtlc/3ipXDcR3zbJNtsR0WsH1WYSfsjFWZYPfskT2zF+/Be/Jevbfv0Zw33tlgv+C9fwFBSJyh</latexit>

min
w2Rd

1

n

nX

i=1

L (yi, f(w, xi))
<latexit sha1_base64="tYEtp6ZCMYxDOa86s2oSRJCJwYA="></latexit>

The gradient method on the above problem writes
<latexit sha1_base64="DaypOXC3pIExDvm1S+/STOpaZKE=">AAACIHicbVDLTgIxFO34RHyhLt00EhNXZEZNcEl04xITQBIgpNO5QGM7nbR3UDLhU9z4K25caIzu9GssyELFkzQ5Oec+ek+YSGHR9z+8hcWl5ZXV3Fp+fWNza7uws9uwOjUc6lxLbZohsyBFDHUUKKGZGGAqlHAd3lxM/OshGCt0XMNRAh3F+rHoCc7QSd1CuY1wh1ltALRvWCQgRqoABzqiOqboZBbqIdDEaDdS0VsjECwddwtFv+RPQedJMCNFMkO1W3hvR5qnyi3gklnbCvwEOxkzKLiEcb6dWkgYv2F9aDkaMwW2k00PHNNDp0S0p4177oNT9WdHxpS1IxW6SsVwYP96E/E/r5Vi76yTiThJEWL+vaiXSoqaTtKikTDAUY4cYdydLjjlA2YYR5dp3oUQ/D15njSOS8FJ6fjqtFg5n8WRI/vkgByRgJRJhVySKqkTTu7JI3kmL96D9+S9em/fpQverGeP/IL3+QUwj6OY</latexit>
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<latexit sha1_base64="JKshUtBJZoVzllRbYBz6z3gGxbk="></latexit>

In modern ML applications, n is very large, which makes GD or SubGradient impractical.
<latexit sha1_base64="YYZXnn7XO0bcJB0QgfGbN0ImDRc="></latexit>

which makes GD or SubGradient impractical.
<latexit sha1_base64="H15HfYrt6tM26F41EHCQ5rGr6qI=">AAACG3icbVDLSsNAFJ34rPUVdelmsAiuSlIFXRYV6rKifUAbymR60w6dScLMRC2h/+HGX3HjQhFXggv/xknbhbbe1eGc+zj3+DFnSjvOt7WwuLS8sppby69vbG5t2zu7dRUlkkKNRjySTZ8o4CyEmmaaQzOWQITPoeEPLjK9cQdSsSi81cMYPEF6IQsYJdpQHbvU1vCg0/s+o30syAAUrlziSOKbxK9I0mUQasxELAnVZogX8ahjF5yiMy48D9wpKKBpVTv2Z7sb0USYVZQTpVquE2svJdJs5DDKtxMFMaED0oOWgSERoLx0/NsIHxqmiwPjKIiMlTH7eyIlQqmh8E2nILqvZrWM/E9rJTo481IWxomGkE4OBQnHOsJZULjLJFDNhwYQKpnximmfZDmYOPMmBHf25XlQLxXd42Lp+qRQPp/GkUP76AAdIRedojK6QlVUQxQ9omf0it6sJ+vFerc+Jq0L1nRmD/0p6+sHkiahGw==</latexit>
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L (yi, f (w, xi))

#
(wt)

<latexit sha1_base64="kGpqoRjQPM0tUozpO95sFpmO6FQ="></latexit>

Stochastic approximation methods look for a cheap way 
to approximate the full batch gradient



Large-Scale Stochastic Optimization

Limitations of batch gradient methods  From batch to mini-batch methods

Recall that ERM aims at solving
<latexit sha1_base64="+Zv7wxOVPD4bQKC9DQvVPIZlRvg=">AAACEXicbVA9SwNBFNyL3/ErammzGASrcBcFLYMi2AgqRoUkhHebl2TJ3t6x+04MR/6CjX/FxkIRWzs7/42bmEKNAwvDzHu8nQkTJS35/qeXm5qemZ2bX8gvLi2vrBbW1q9snBqBVRGr2NyEYFFJjVWSpPAmMQhRqPA67B0N/etbNFbG+pL6CTYi6GjZlgLISc3CTp3wjrILFKAUpy4QP7445SAjyx23sbqVusMHvFko+iV/BD5JgjEpsjHOmoWPeisWaYSahAJra4GfUCMDQ1IoHOTrqcUERA86WHNUQ4S2kY0SDfi2U1q8HRv3NPGR+nMjg8jafhS6yQioa/96Q/E/r5ZS+6CRSZ2khFp8H2qnLnnMh/XwljQoSPUdAWGk+ysXXTAgyJWYdyUEfyNPkqtyKdgtlc/3ipXDcR3zbJNtsR0WsH1WYSfsjFWZYPfskT2zF+/Be/Jevbfv0Zw33tlgv+C9fwFBSJyh</latexit>

min
w2Rd

1

n

nX

i=1

L (yi, f(w, xi))
<latexit sha1_base64="tYEtp6ZCMYxDOa86s2oSRJCJwYA="></latexit>

The gradient method on the above problem writes
<latexit sha1_base64="DaypOXC3pIExDvm1S+/STOpaZKE=">AAACIHicbVDLTgIxFO34RHyhLt00EhNXZEZNcEl04xITQBIgpNO5QGM7nbR3UDLhU9z4K25caIzu9GssyELFkzQ5Oec+ek+YSGHR9z+8hcWl5ZXV3Fp+fWNza7uws9uwOjUc6lxLbZohsyBFDHUUKKGZGGAqlHAd3lxM/OshGCt0XMNRAh3F+rHoCc7QSd1CuY1wh1ltALRvWCQgRqoABzqiOqboZBbqIdDEaDdS0VsjECwddwtFv+RPQedJMCNFMkO1W3hvR5qnyi3gklnbCvwEOxkzKLiEcb6dWkgYv2F9aDkaMwW2k00PHNNDp0S0p4177oNT9WdHxpS1IxW6SsVwYP96E/E/r5Vi76yTiThJEWL+vaiXSoqaTtKikTDAUY4cYdydLjjlA2YYR5dp3oUQ/D15njSOS8FJ6fjqtFg5n8WRI/vkgByRgJRJhVySKqkTTu7JI3kmL96D9+S9em/fpQverGeP/IL3+QUwj6OY</latexit>
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L (yi, f (w, xi)) (wt)

<latexit sha1_base64="JKshUtBJZoVzllRbYBz6z3gGxbk="></latexit>

In modern ML applications, n is very large, which makes GD or SubGradient impractical.
<latexit sha1_base64="YYZXnn7XO0bcJB0QgfGbN0ImDRc="></latexit>

which makes GD or SubGradient impractical.
<latexit sha1_base64="H15HfYrt6tM26F41EHCQ5rGr6qI=">AAACG3icbVDLSsNAFJ34rPUVdelmsAiuSlIFXRYV6rKifUAbymR60w6dScLMRC2h/+HGX3HjQhFXggv/xknbhbbe1eGc+zj3+DFnSjvOt7WwuLS8sppby69vbG5t2zu7dRUlkkKNRjySTZ8o4CyEmmaaQzOWQITPoeEPLjK9cQdSsSi81cMYPEF6IQsYJdpQHbvU1vCg0/s+o30syAAUrlziSOKbxK9I0mUQasxELAnVZogX8ahjF5yiMy48D9wpKKBpVTv2Z7sb0USYVZQTpVquE2svJdJs5DDKtxMFMaED0oOWgSERoLx0/NsIHxqmiwPjKIiMlTH7eyIlQqmh8E2nILqvZrWM/E9rJTo481IWxomGkE4OBQnHOsJZULjLJFDNhwYQKpnximmfZDmYOPMmBHf25XlQLxXd42Lp+qRQPp/GkUP76AAdIRedojK6QlVUQxQ9omf0it6sJ+vFerc+Jq0L1nRmD/0p6+sHkiahGw==</latexit>
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L (yi, f (w, xi))

#
(wt)

<latexit sha1_base64="kGpqoRjQPM0tUozpO95sFpmO6FQ="></latexit>

A simple way to approximate the full batch gradient is to randomly select one datapoint
<latexit sha1_base64="10byJy+nqN6Sd8RpEHqk8bV52Sk="></latexit>

is to randomly select one datapoint, and replace the full gradient by the gradient at this single point
<latexit sha1_base64="Y5u640z4GPs+5AmWuJCI2eQ0Z4E="></latexit>

the full gradient by the gradient at this single point
<latexit sha1_base64="l0X+CJEENgWDbbYk3iVMLgZyXkU=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjNV0I1QdOOygn1AW0omvW1DM5khuSOWoV/jxl9x46Ii4s5PMdMW0dYDgXPPfeTe40dSGHTdTyezsrq2vpHdzG1t7+zu5fcPaiaMNYcqD2WoGz4zIIWCKgqU0Ig0sMCXUPeHN2m+/gDaiFDd4yiCdsD6SvQEZ2ilTv6qhfCICQ6A9mIpaV+zrgCF1B/RVPyJGdpYGGqE6kugUSgUjjv5glt0p6DLxJuTApmj0slPWt2Qx4GdyCUzpum5EbYTplFwCeNcKzYQMT5kfWhaqlgApp1MzxzTE6t0aS/U9tmNpurvjoQFxowC31YGDAdmMZeK/+WaMfYu24lQUYyg+Owj6wbFkKae0a7QwFGOLGFcC7sr5QOmGUfrbM6a4C2evExqpaJ3VizdnRfK13M7suSIHJNT4pELUia3pEKqhJMn8kIm5M15dl6dd+djVppx5j2H5A+cr28l3KYv</latexit>

@

@w
[L (yi, f (w, xi))] (wt) '
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#
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<latexit sha1_base64="voewO8GhUV7+uJXSP1FY0TbGPpI="></latexit>

i ⇠ U {1, . . . , n}
<latexit sha1_base64="slVG2ZmewX6+gu0AzooFU0jdrII=">AAACGHicbVDLSgMxFM34rPU16tJNsAguSp2pgi6LblxWsFZoSslkMm0wkwzJHaEM/Qw3/oobF4q4deffmNZZ+DoQcjjnXu69J8qksBAEH97c/MLi0nJlpbq6tr6x6W9tX1udG8Y7TEttbiJquRSKd0CA5DeZ4TSNJO9Gt+dTv3vHjRVaXcE44/2UDpVIBKPgpIF/SCItYztO3VeICSZWpLhDJE+AFGGdyFiDrWNFjBiOgEwGfi1oBDPgvyQsSQ2VaA/8dxJrlqdcAZPU2l4YZNAvqAHBJJ9USW55RtktHfKeo4qm3PaL2WETvO+UGCfauKcAz9TvHQVN7XR3V5lSGNnf3lT8z+vlkJz2C6GyHLhiX4OSXGLQeJoSjoXhDOTYEcqMcLtiNqKGMnBZVl0I4e+T/5LrZiM8ajQvj2utszKOCtpFe+gAhegEtdAFaqMOYugePaJn9OI9eE/eq/f2VTrnlT076Ae89083AaB9</latexit>

Stochastic approximation methods look for a cheap way 
to approximate the full batch gradient



Large-Scale Stochastic Optimization

Limitations of batch gradient methods  From batch to mini-batch methods

Recall that ERM aims at solving
<latexit sha1_base64="+Zv7wxOVPD4bQKC9DQvVPIZlRvg=">AAACEXicbVA9SwNBFNyL3/ErammzGASrcBcFLYMi2AgqRoUkhHebl2TJ3t6x+04MR/6CjX/FxkIRWzs7/42bmEKNAwvDzHu8nQkTJS35/qeXm5qemZ2bX8gvLi2vrBbW1q9snBqBVRGr2NyEYFFJjVWSpPAmMQhRqPA67B0N/etbNFbG+pL6CTYi6GjZlgLISc3CTp3wjrILFKAUpy4QP7445SAjyx23sbqVusMHvFko+iV/BD5JgjEpsjHOmoWPeisWaYSahAJra4GfUCMDQ1IoHOTrqcUERA86WHNUQ4S2kY0SDfi2U1q8HRv3NPGR+nMjg8jafhS6yQioa/96Q/E/r5ZS+6CRSZ2khFp8H2qnLnnMh/XwljQoSPUdAWGk+ysXXTAgyJWYdyUEfyNPkqtyKdgtlc/3ipXDcR3zbJNtsR0WsH1WYSfsjFWZYPfskT2zF+/Be/Jevbfv0Zw33tlgv+C9fwFBSJyh</latexit>

min
w2Rd

1

n

nX

i=1

L (yi, f(w, xi))
<latexit sha1_base64="tYEtp6ZCMYxDOa86s2oSRJCJwYA="></latexit>

The gradient method on the above problem writes
<latexit sha1_base64="DaypOXC3pIExDvm1S+/STOpaZKE=">AAACIHicbVDLTgIxFO34RHyhLt00EhNXZEZNcEl04xITQBIgpNO5QGM7nbR3UDLhU9z4K25caIzu9GssyELFkzQ5Oec+ek+YSGHR9z+8hcWl5ZXV3Fp+fWNza7uws9uwOjUc6lxLbZohsyBFDHUUKKGZGGAqlHAd3lxM/OshGCt0XMNRAh3F+rHoCc7QSd1CuY1wh1ltALRvWCQgRqoABzqiOqboZBbqIdDEaDdS0VsjECwddwtFv+RPQedJMCNFMkO1W3hvR5qnyi3gklnbCvwEOxkzKLiEcb6dWkgYv2F9aDkaMwW2k00PHNNDp0S0p4177oNT9WdHxpS1IxW6SsVwYP96E/E/r5Vi76yTiThJEWL+vaiXSoqaTtKikTDAUY4cYdydLjjlA2YYR5dp3oUQ/D15njSOS8FJ6fjqtFg5n8WRI/vkgByRgJRJhVySKqkTTu7JI3kmL96D9+S9em/fpQverGeP/IL3+QUwj6OY</latexit>
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<latexit sha1_base64="JKshUtBJZoVzllRbYBz6z3gGxbk="></latexit>

In modern ML applications, n is very large, which makes GD or SubGradient impractical.
<latexit sha1_base64="YYZXnn7XO0bcJB0QgfGbN0ImDRc="></latexit>

which makes GD or SubGradient impractical.
<latexit sha1_base64="H15HfYrt6tM26F41EHCQ5rGr6qI=">AAACG3icbVDLSsNAFJ34rPUVdelmsAiuSlIFXRYV6rKifUAbymR60w6dScLMRC2h/+HGX3HjQhFXggv/xknbhbbe1eGc+zj3+DFnSjvOt7WwuLS8sppby69vbG5t2zu7dRUlkkKNRjySTZ8o4CyEmmaaQzOWQITPoeEPLjK9cQdSsSi81cMYPEF6IQsYJdpQHbvU1vCg0/s+o30syAAUrlziSOKbxK9I0mUQasxELAnVZogX8ahjF5yiMy48D9wpKKBpVTv2Z7sb0USYVZQTpVquE2svJdJs5DDKtxMFMaED0oOWgSERoLx0/NsIHxqmiwPjKIiMlTH7eyIlQqmh8E2nILqvZrWM/E9rJTo481IWxomGkE4OBQnHOsJZULjLJFDNhwYQKpnximmfZDmYOPMmBHf25XlQLxXd42Lp+qRQPp/GkUP76AAdIRedojK6QlVUQxQ9omf0it6sJ+vFerc+Jq0L1nRmD/0p6+sHkiahGw==</latexit>
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#
(wt)

<latexit sha1_base64="kGpqoRjQPM0tUozpO95sFpmO6FQ="></latexit>

A simple way to approximate the full batch gradient is to randomly select one datapoint
<latexit sha1_base64="10byJy+nqN6Sd8RpEHqk8bV52Sk="></latexit>

is to randomly select one datapoint, and replace the full gradient by the gradient at this single point
<latexit sha1_base64="Y5u640z4GPs+5AmWuJCI2eQ0Z4E="></latexit>

the full gradient by the gradient at this single point
<latexit sha1_base64="l0X+CJEENgWDbbYk3iVMLgZyXkU=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjNV0I1QdOOygn1AW0omvW1DM5khuSOWoV/jxl9x46Ii4s5PMdMW0dYDgXPPfeTe40dSGHTdTyezsrq2vpHdzG1t7+zu5fcPaiaMNYcqD2WoGz4zIIWCKgqU0Ig0sMCXUPeHN2m+/gDaiFDd4yiCdsD6SvQEZ2ilTv6qhfCICQ6A9mIpaV+zrgCF1B/RVPyJGdpYGGqE6kugUSgUjjv5glt0p6DLxJuTApmj0slPWt2Qx4GdyCUzpum5EbYTplFwCeNcKzYQMT5kfWhaqlgApp1MzxzTE6t0aS/U9tmNpurvjoQFxowC31YGDAdmMZeK/+WaMfYu24lQUYyg+Owj6wbFkKae0a7QwFGOLGFcC7sr5QOmGUfrbM6a4C2evExqpaJ3VizdnRfK13M7suSIHJNT4pELUia3pEKqhJMn8kIm5M15dl6dd+djVppx5j2H5A+cr28l3KYv</latexit>
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[L (yi, f (w, xi))] (wt) '
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L (yi, f (w, xi))

#
(wt) , i ⇠ U {1, . . . , n}

<latexit sha1_base64="voewO8GhUV7+uJXSP1FY0TbGPpI="></latexit>

i ⇠ U {1, . . . , n}
<latexit sha1_base64="slVG2ZmewX6+gu0AzooFU0jdrII=">AAACGHicbVDLSgMxFM34rPU16tJNsAguSp2pgi6LblxWsFZoSslkMm0wkwzJHaEM/Qw3/oobF4q4deffmNZZ+DoQcjjnXu69J8qksBAEH97c/MLi0nJlpbq6tr6x6W9tX1udG8Y7TEttbiJquRSKd0CA5DeZ4TSNJO9Gt+dTv3vHjRVaXcE44/2UDpVIBKPgpIF/SCItYztO3VeICSZWpLhDJE+AFGGdyFiDrWNFjBiOgEwGfi1oBDPgvyQsSQ2VaA/8dxJrlqdcAZPU2l4YZNAvqAHBJJ9USW55RtktHfKeo4qm3PaL2WETvO+UGCfauKcAz9TvHQVN7XR3V5lSGNnf3lT8z+vlkJz2C6GyHLhiX4OSXGLQeJoSjoXhDOTYEcqMcLtiNqKGMnBZVl0I4e+T/5LrZiM8ajQvj2utszKOCtpFe+gAhegEtdAFaqMOYugePaJn9OI9eE/eq/f2VTrnlT076Ae89083AaB9</latexit>

We can replace a single datapoints with an average over 
a small number of randomly selected datapoints. This 
problem is called mini-batching.

Stochastic approximation methods look for a cheap way 
to approximate the full batch gradient



Stocastic Gradient Method

Stochastic Gradient Descent on S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>



Stocastic Gradient Method

Stochastic Gradient Descent on S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>

Consider the stochastic gradient descent method initialized at x0 2 Rd
<latexit sha1_base64="JFASgQvkqV/nYmOCKbJ4i7xMZis="></latexit>

initialized on a function f 2 S`
µ

<latexit sha1_base64="CtjzViEw9pHMz1roBbiQN8kajrw=">AAACHXicbVDNSsNAGNzU//oX9ehlsQieSlILehS9eKxoq9DUstl+qYubTdj9ItbQF/Hiq3jxoIgHL+LbuK05aHVgYZiZj2UmTKUw6HmfTmlqemZ2bn6hvLi0vLLqrq23TJJpDk2eyERfhMyAFAqaKFDCRaqBxaGE8/D6aOSf34A2IlFnOEihE7O+EpHgDK3UdesBwi3mQgkUTIo76NFEUUajTPFRgg5pRAOh6Gk3D+JseBmAlF234lW9Mehf4hekQgo0uu570Et4FoNCLpkxbd9LsZMzjYJLGJaDzEDK+DXrQ9tSxWIwnXzcbki3rdKjUaLtU0jH6s+LnMXGDOLQJmOGV2bSG4n/ee0Mo/2OrZ5mCIp/fxRlkmJCR1PRntDAUQ4sYVzbgTjlV0wzjnbQsh3Bn6z8l7RqVX+3WjupVw4OiznmySbZIjvEJ3vkgByTBmkSTu7JI3kmL86D8+S8Om/f0ZJT3GyQX3A+vgDiP6Ji</latexit>

xt+1 = xt � ↵t
erf (xt)

<latexit sha1_base64="hTPYu9ypfNgoSn8eBjOIQZjLJ+A="></latexit>



Stocastic Gradient Method

Proposition

Stochastic Gradient Descent on S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>

Consider the stochastic gradient descent method initialized at x0 2 Rd
<latexit sha1_base64="JFASgQvkqV/nYmOCKbJ4i7xMZis="></latexit>

initialized on a function f 2 S`
µ

<latexit sha1_base64="CtjzViEw9pHMz1roBbiQN8kajrw=">AAACHXicbVDNSsNAGNzU//oX9ehlsQieSlILehS9eKxoq9DUstl+qYubTdj9ItbQF/Hiq3jxoIgHL+LbuK05aHVgYZiZj2UmTKUw6HmfTmlqemZ2bn6hvLi0vLLqrq23TJJpDk2eyERfhMyAFAqaKFDCRaqBxaGE8/D6aOSf34A2IlFnOEihE7O+EpHgDK3UdesBwi3mQgkUTIo76NFEUUajTPFRgg5pRAOh6Gk3D+JseBmAlF234lW9Mehf4hekQgo0uu570Et4FoNCLpkxbd9LsZMzjYJLGJaDzEDK+DXrQ9tSxWIwnXzcbki3rdKjUaLtU0jH6s+LnMXGDOLQJmOGV2bSG4n/ee0Mo/2OrZ5mCIp/fxRlkmJCR1PRntDAUQ4sYVzbgTjlV0wzjnbQsh3Bn6z8l7RqVX+3WjupVw4OiznmySbZIjvEJ3vkgByTBmkSTu7JI3kmL86D8+S8Om/f0ZJT3GyQX3A+vgDiP6Ji</latexit>

xt+1 = xt � ↵t
erf (xt)

<latexit sha1_base64="hTPYu9ypfNgoSn8eBjOIQZjLJ+A="></latexit>

Assume erf(xt) satisfies E
h
erf(xt)�rf(xt)

i
= 0 and E

h
kerf(xt)�rf(xt)k2

i
 G2.

<latexit sha1_base64="AV33J+D6iXSQUDt5Z4Gj32n0PsM="></latexit>

E
h
kerf(xt)�rf(xt)k2

i
 G2.

<latexit sha1_base64="asqlpuGGiG4TOdJzA1RXASfzZs0="></latexit>



Stocastic Gradient Method

Proposition

Stochastic Gradient Descent on S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>

Consider the stochastic gradient descent method initialized at x0 2 Rd
<latexit sha1_base64="JFASgQvkqV/nYmOCKbJ4i7xMZis="></latexit>

initialized on a function f 2 S`
µ

<latexit sha1_base64="CtjzViEw9pHMz1roBbiQN8kajrw=">AAACHXicbVDNSsNAGNzU//oX9ehlsQieSlILehS9eKxoq9DUstl+qYubTdj9ItbQF/Hiq3jxoIgHL+LbuK05aHVgYZiZj2UmTKUw6HmfTmlqemZ2bn6hvLi0vLLqrq23TJJpDk2eyERfhMyAFAqaKFDCRaqBxaGE8/D6aOSf34A2IlFnOEihE7O+EpHgDK3UdesBwi3mQgkUTIo76NFEUUajTPFRgg5pRAOh6Gk3D+JseBmAlF234lW9Mehf4hekQgo0uu570Et4FoNCLpkxbd9LsZMzjYJLGJaDzEDK+DXrQ9tSxWIwnXzcbki3rdKjUaLtU0jH6s+LnMXGDOLQJmOGV2bSG4n/ee0Mo/2OrZ5mCIp/fxRlkmJCR1PRntDAUQ4sYVzbgTjlV0wzjnbQsh3Bn6z8l7RqVX+3WjupVw4OiznmySbZIjvEJ3vkgByTBmkSTu7JI3kmL86D8+S8Om/f0ZJT3GyQX3A+vgDiP6Ji</latexit>

xt+1 = xt � ↵t
erf (xt)

<latexit sha1_base64="hTPYu9ypfNgoSn8eBjOIQZjLJ+A="></latexit>

Assume erf(xt) satisfies E
h
erf(xt)�rf(xt)

i
= 0 and E

h
kerf(xt)�rf(xt)k2

i
 G2.

<latexit sha1_base64="AV33J+D6iXSQUDt5Z4Gj32n0PsM="></latexit>

E
h
kerf(xt)�rf(xt)k2

i
 G2.

<latexit sha1_base64="asqlpuGGiG4TOdJzA1RXASfzZs0="></latexit>

Then, for all �  2

`
, gradient descent run with constant stepsize ↵t = �

<latexit sha1_base64="e3WZxZn6CqvtdlgNAcz+sniEJ3g="></latexit>

stepsize ↵t = � satisfies
<latexit sha1_base64="p3ey4wEAQMmjxb6Is+qSSs36UZo=">AAACHXicbVDLSgNBEJz1bXxFPXoZDIKnsKsBvQiiF48KRoVsCL2T3mRwZneZ6RXjkh/x4q948aCIBy/i3zh5HHwVDBRV1fR0RZmSlnz/05uYnJqemZ2bLy0sLi2vlFfXLmyaG4F1karUXEVgUckE6yRJ4VVmEHSk8DK6Ph74lzdorEyTc+pl2NTQSWQsBZCTWuVaSHhLhSXMrLxD3uchqKwLLeIHPOyA1sBHEW7diI0l2n6rXPGr/hD8LwnGpMLGOG2V38N2KnKNCQkF1jYCP6NmAYakUNgvhbnFDMQ1dLDhaAIabbMYXtfnW05p8zg17iXEh+r3iQK0tT0duaQG6trf3kD8z2vkFO83C5lkOWEiRoviXHFK+aAq3pYGBameIyCMdH/logsGBLlCS66E4PfJf8nFTjXYre6c1SqHR+M65tgG22TbLGB77JCdsFNWZ4Lds0f2zF68B+/Je/XeRtEJbzyzzn7A+/gCa2eivA==</latexit>

E
⇥
kwt � w?k2

⇤
 (1� �µ)nkw0 � w?k2 + �G2

µ
.

<latexit sha1_base64="dWKx4PmseVIHCYysz18KLkUoB/U="></latexit>



Stocastic Gradient Method

Proposition

Proof : On the white board!Stochastic Gradient Descent on S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>

Consider the stochastic gradient descent method initialized at x0 2 Rd
<latexit sha1_base64="JFASgQvkqV/nYmOCKbJ4i7xMZis="></latexit>

initialized on a function f 2 S`
µ

<latexit sha1_base64="CtjzViEw9pHMz1roBbiQN8kajrw=">AAACHXicbVDNSsNAGNzU//oX9ehlsQieSlILehS9eKxoq9DUstl+qYubTdj9ItbQF/Hiq3jxoIgHL+LbuK05aHVgYZiZj2UmTKUw6HmfTmlqemZ2bn6hvLi0vLLqrq23TJJpDk2eyERfhMyAFAqaKFDCRaqBxaGE8/D6aOSf34A2IlFnOEihE7O+EpHgDK3UdesBwi3mQgkUTIo76NFEUUajTPFRgg5pRAOh6Gk3D+JseBmAlF234lW9Mehf4hekQgo0uu570Et4FoNCLpkxbd9LsZMzjYJLGJaDzEDK+DXrQ9tSxWIwnXzcbki3rdKjUaLtU0jH6s+LnMXGDOLQJmOGV2bSG4n/ee0Mo/2OrZ5mCIp/fxRlkmJCR1PRntDAUQ4sYVzbgTjlV0wzjnbQsh3Bn6z8l7RqVX+3WjupVw4OiznmySbZIjvEJ3vkgByTBmkSTu7JI3kmL86D8+S8Om/f0ZJT3GyQX3A+vgDiP6Ji</latexit>

xt+1 = xt � ↵t
erf (xt)

<latexit sha1_base64="hTPYu9ypfNgoSn8eBjOIQZjLJ+A="></latexit>

Assume erf(xt) satisfies E
h
erf(xt)�rf(xt)

i
= 0 and E

h
kerf(xt)�rf(xt)k2

i
 G2.

<latexit sha1_base64="AV33J+D6iXSQUDt5Z4Gj32n0PsM="></latexit>

E
h
kerf(xt)�rf(xt)k2

i
 G2.

<latexit sha1_base64="asqlpuGGiG4TOdJzA1RXASfzZs0="></latexit>

Then, for all �  2

`
, gradient descent run with constant stepsize ↵t = �

<latexit sha1_base64="e3WZxZn6CqvtdlgNAcz+sniEJ3g="></latexit>

stepsize ↵t = � satisfies
<latexit sha1_base64="p3ey4wEAQMmjxb6Is+qSSs36UZo=">AAACHXicbVDLSgNBEJz1bXxFPXoZDIKnsKsBvQiiF48KRoVsCL2T3mRwZneZ6RXjkh/x4q948aCIBy/i3zh5HHwVDBRV1fR0RZmSlnz/05uYnJqemZ2bLy0sLi2vlFfXLmyaG4F1karUXEVgUckE6yRJ4VVmEHSk8DK6Ph74lzdorEyTc+pl2NTQSWQsBZCTWuVaSHhLhSXMrLxD3uchqKwLLeIHPOyA1sBHEW7diI0l2n6rXPGr/hD8LwnGpMLGOG2V38N2KnKNCQkF1jYCP6NmAYakUNgvhbnFDMQ1dLDhaAIabbMYXtfnW05p8zg17iXEh+r3iQK0tT0duaQG6trf3kD8z2vkFO83C5lkOWEiRoviXHFK+aAq3pYGBameIyCMdH/logsGBLlCS66E4PfJf8nFTjXYre6c1SqHR+M65tgG22TbLGB77JCdsFNWZ4Lds0f2zF68B+/Je/XeRtEJbzyzzn7A+/gCa2eivA==</latexit>

E
⇥
kwt � w?k2

⇤
 (1� �µ)nkw0 � w?k2 + �G2

µ
.

<latexit sha1_base64="dWKx4PmseVIHCYysz18KLkUoB/U="></latexit>



Stocastic Gradient Method

Proposition

Proof : On the white board!

Remarks :

We observe here a bias-variance trade-off.

Stochastic Gradient Descent on S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>

Consider the stochastic gradient descent method initialized at x0 2 Rd
<latexit sha1_base64="JFASgQvkqV/nYmOCKbJ4i7xMZis="></latexit>

initialized on a function f 2 S`
µ

<latexit sha1_base64="CtjzViEw9pHMz1roBbiQN8kajrw=">AAACHXicbVDNSsNAGNzU//oX9ehlsQieSlILehS9eKxoq9DUstl+qYubTdj9ItbQF/Hiq3jxoIgHL+LbuK05aHVgYZiZj2UmTKUw6HmfTmlqemZ2bn6hvLi0vLLqrq23TJJpDk2eyERfhMyAFAqaKFDCRaqBxaGE8/D6aOSf34A2IlFnOEihE7O+EpHgDK3UdesBwi3mQgkUTIo76NFEUUajTPFRgg5pRAOh6Gk3D+JseBmAlF234lW9Mehf4hekQgo0uu570Et4FoNCLpkxbd9LsZMzjYJLGJaDzEDK+DXrQ9tSxWIwnXzcbki3rdKjUaLtU0jH6s+LnMXGDOLQJmOGV2bSG4n/ee0Mo/2OrZ5mCIp/fxRlkmJCR1PRntDAUQ4sYVzbgTjlV0wzjnbQsh3Bn6z8l7RqVX+3WjupVw4OiznmySbZIjvEJ3vkgByTBmkSTu7JI3kmL86D8+S8Om/f0ZJT3GyQX3A+vgDiP6Ji</latexit>

xt+1 = xt � ↵t
erf (xt)

<latexit sha1_base64="hTPYu9ypfNgoSn8eBjOIQZjLJ+A="></latexit>

Assume erf(xt) satisfies E
h
erf(xt)�rf(xt)

i
= 0 and E

h
kerf(xt)�rf(xt)k2

i
 G2.

<latexit sha1_base64="AV33J+D6iXSQUDt5Z4Gj32n0PsM="></latexit>

E
h
kerf(xt)�rf(xt)k2

i
 G2.

<latexit sha1_base64="asqlpuGGiG4TOdJzA1RXASfzZs0="></latexit>

Then, for all �  2

`
, gradient descent run with constant stepsize ↵t = �

<latexit sha1_base64="e3WZxZn6CqvtdlgNAcz+sniEJ3g="></latexit>

stepsize ↵t = � satisfies
<latexit sha1_base64="p3ey4wEAQMmjxb6Is+qSSs36UZo=">AAACHXicbVDLSgNBEJz1bXxFPXoZDIKnsKsBvQiiF48KRoVsCL2T3mRwZneZ6RXjkh/x4q948aCIBy/i3zh5HHwVDBRV1fR0RZmSlnz/05uYnJqemZ2bLy0sLi2vlFfXLmyaG4F1karUXEVgUckE6yRJ4VVmEHSk8DK6Ph74lzdorEyTc+pl2NTQSWQsBZCTWuVaSHhLhSXMrLxD3uchqKwLLeIHPOyA1sBHEW7diI0l2n6rXPGr/hD8LwnGpMLGOG2V38N2KnKNCQkF1jYCP6NmAYakUNgvhbnFDMQ1dLDhaAIabbMYXtfnW05p8zg17iXEh+r3iQK0tT0duaQG6trf3kD8z2vkFO83C5lkOWEiRoviXHFK+aAq3pYGBameIyCMdH/logsGBLlCS66E4PfJf8nFTjXYre6c1SqHR+M65tgG22TbLGB77JCdsFNWZ4Lds0f2zF68B+/Je/XeRtEJbzyzzn7A+/gCa2eivA==</latexit>

E
⇥
kwt � w?k2

⇤
 (1� �µ)nkw0 � w?k2 + �G2

µ
.

<latexit sha1_base64="dWKx4PmseVIHCYysz18KLkUoB/U="></latexit>



Stocastic Gradient Method

Proposition

Proof : On the white board!

Remarks :

We observe here a bias-variance trade-off.

Stochastic Gradient Descent on S`
µ

<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>

Let S`
µ be the set of `-smooth and µ-strongly convex functions

<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>

Consider the stochastic gradient descent method initialized at x0 2 Rd
<latexit sha1_base64="JFASgQvkqV/nYmOCKbJ4i7xMZis="></latexit>

initialized on a function f 2 S`
µ

<latexit sha1_base64="CtjzViEw9pHMz1roBbiQN8kajrw=">AAACHXicbVDNSsNAGNzU//oX9ehlsQieSlILehS9eKxoq9DUstl+qYubTdj9ItbQF/Hiq3jxoIgHL+LbuK05aHVgYZiZj2UmTKUw6HmfTmlqemZ2bn6hvLi0vLLqrq23TJJpDk2eyERfhMyAFAqaKFDCRaqBxaGE8/D6aOSf34A2IlFnOEihE7O+EpHgDK3UdesBwi3mQgkUTIo76NFEUUajTPFRgg5pRAOh6Gk3D+JseBmAlF234lW9Mehf4hekQgo0uu570Et4FoNCLpkxbd9LsZMzjYJLGJaDzEDK+DXrQ9tSxWIwnXzcbki3rdKjUaLtU0jH6s+LnMXGDOLQJmOGV2bSG4n/ee0Mo/2OrZ5mCIp/fxRlkmJCR1PRntDAUQ4sYVzbgTjlV0wzjnbQsh3Bn6z8l7RqVX+3WjupVw4OiznmySbZIjvEJ3vkgByTBmkSTu7JI3kmL86D8+S8Om/f0ZJT3GyQX3A+vgDiP6Ji</latexit>

xt+1 = xt � ↵t
erf (xt)

<latexit sha1_base64="hTPYu9ypfNgoSn8eBjOIQZjLJ+A="></latexit>

Assume erf(xt) satisfies E
h
erf(xt)�rf(xt)

i
= 0 and E

h
kerf(xt)�rf(xt)k2

i
 G2.

<latexit sha1_base64="AV33J+D6iXSQUDt5Z4Gj32n0PsM="></latexit>

E
h
kerf(xt)�rf(xt)k2

i
 G2.

<latexit sha1_base64="asqlpuGGiG4TOdJzA1RXASfzZs0="></latexit>

Then, for all �  2

`
, gradient descent run with constant stepsize ↵t = �

<latexit sha1_base64="e3WZxZn6CqvtdlgNAcz+sniEJ3g="></latexit>

stepsize ↵t = � satisfies
<latexit sha1_base64="p3ey4wEAQMmjxb6Is+qSSs36UZo=">AAACHXicbVDLSgNBEJz1bXxFPXoZDIKnsKsBvQiiF48KRoVsCL2T3mRwZneZ6RXjkh/x4q948aCIBy/i3zh5HHwVDBRV1fR0RZmSlnz/05uYnJqemZ2bLy0sLi2vlFfXLmyaG4F1karUXEVgUckE6yRJ4VVmEHSk8DK6Ph74lzdorEyTc+pl2NTQSWQsBZCTWuVaSHhLhSXMrLxD3uchqKwLLeIHPOyA1sBHEW7diI0l2n6rXPGr/hD8LwnGpMLGOG2V38N2KnKNCQkF1jYCP6NmAYakUNgvhbnFDMQ1dLDhaAIabbMYXtfnW05p8zg17iXEh+r3iQK0tT0duaQG6trf3kD8z2vkFO83C5lkOWEiRoviXHFK+aAq3pYGBameIyCMdH/logsGBLlCS66E4PfJf8nFTjXYre6c1SqHR+M65tgG22TbLGB77JCdsFNWZ4Lds0f2zF68B+/Je/XeRtEJbzyzzn7A+/gCa2eivA==</latexit>

E
⇥
kwt � w?k2

⇤
 (1� �µ)nkw0 � w?k2 + �G2

µ
.

<latexit sha1_base64="dWKx4PmseVIHCYysz18KLkUoB/U="></latexit>

The stepsize � plays a key role in this trade-o↵.
<latexit sha1_base64="NcOaQr77bkeA2TeHUr7YR86faDo="></latexit>
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from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>
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<latexit sha1_base64="hTPYu9ypfNgoSn8eBjOIQZjLJ+A="></latexit>

Assume erf(xt) satisfies E
h
erf(xt)�rf(xt)

i
= 0 and E

h
kerf(xt)�rf(xt)k2

i
 G2.

<latexit sha1_base64="AV33J+D6iXSQUDt5Z4Gj32n0PsM="></latexit>

E
h
kerf(xt)�rf(xt)k2

i
 G2.

<latexit sha1_base64="asqlpuGGiG4TOdJzA1RXASfzZs0="></latexit>

Then, for all �  2

`
, gradient descent run with constant stepsize ↵t = �

<latexit sha1_base64="e3WZxZn6CqvtdlgNAcz+sniEJ3g="></latexit>

stepsize ↵t = � satisfies
<latexit sha1_base64="p3ey4wEAQMmjxb6Is+qSSs36UZo=">AAACHXicbVDLSgNBEJz1bXxFPXoZDIKnsKsBvQiiF48KRoVsCL2T3mRwZneZ6RXjkh/x4q948aCIBy/i3zh5HHwVDBRV1fR0RZmSlnz/05uYnJqemZ2bLy0sLi2vlFfXLmyaG4F1karUXEVgUckE6yRJ4VVmEHSk8DK6Ph74lzdorEyTc+pl2NTQSWQsBZCTWuVaSHhLhSXMrLxD3uchqKwLLeIHPOyA1sBHEW7diI0l2n6rXPGr/hD8LwnGpMLGOG2V38N2KnKNCQkF1jYCP6NmAYakUNgvhbnFDMQ1dLDhaAIabbMYXtfnW05p8zg17iXEh+r3iQK0tT0duaQG6trf3kD8z2vkFO83C5lkOWEiRoviXHFK+aAq3pYGBameIyCMdH/logsGBLlCS66E4PfJf8nFTjXYre6c1SqHR+M65tgG22TbLGB77JCdsFNWZ4Lds0f2zF68B+/Je/XeRtEJbzyzzn7A+/gCa2eivA==</latexit>

E
⇥
kwt � w?k2

⇤
 (1� �µ)nkw0 � w?k2 + �G2

µ
.

<latexit sha1_base64="dWKx4PmseVIHCYysz18KLkUoB/U="></latexit>

The stepsize � plays a key role in this trade-o↵.
<latexit sha1_base64="NcOaQr77bkeA2TeHUr7YR86faDo="></latexit>
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<latexit sha1_base64="G6BeJvEs605KirdPNKUoOLhylRU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWNF+wHdtWTT2TY0ya5JtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB4M/VbI1CaxfLBjBMIBOlLFjFKjJWC+27mi3Ty6APnuFsquxV3BrxMvJyUUY56t/Tl92KaCpCGcqJ1x3MTE2REGUY5TIp+qiEhdEj60LFUEgE6yGZHT/CpVXo4ipUtafBM/T2REaH1WIS2UxAz0IveVPzP66QmugoyJpPUgKTzRVHKsYnxNAHcYwqo4WNLCFXM3orpgChCjc2paEPwFl9eJs1qxTuvVO8uyrXrPI4COkYn6Ax56BLV0C2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzB58jkf8=</latexit>
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<latexit sha1_base64="NA7/C16x4qo+CwgF2rl2A1uNHFw="></latexit>

from Rd to R.
<latexit sha1_base64="BKtSNi1Txq2pE3dAHdoGkOYB8bk=">AAACHHicbVDLSgMxFM3UV62vqks3wSK4GmZaQZdFNy6r2Ae0tWQymTY0mRmSO2IZ+iFu/BU3LhRx40Lwb8y0XdjWA4HDOfeSe44XC67BcX6s3Mrq2vpGfrOwtb2zu1fcP2joKFGU1WkkItXyiGaCh6wOHARrxYoR6QnW9IZXmd98YErzKLyDUcy6kvRDHnBKwEi9YqUD7BHSQEUSj3FHEhh4Xno7vvfx1MEQzRk2xr1iybGdCfAycWekhGao9YpfHT+iiWQhUEG0brtODN2UKOBUsHGhk2gWEzokfdY2NCSS6W46CTfGJ0bxcRAp80LAE/XvRkqk1iPpmcnsSL3oZeJ/XjuB4KKb8jBOgIV0+lGQiCxw1hT2uWIUxMgQQhU3t2I6IIpQMH0WTAnuYuRl0ijbbsUu35yVqpezOvLoCB2jU+Sic1RF16iG6oiiJ/SC3tC79Wy9Wh/W53Q0Z812DtEcrO9feOihjg==</latexit>
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<latexit sha1_base64="hTPYu9ypfNgoSn8eBjOIQZjLJ+A="></latexit>

Assume erf(xt) satisfies E
h
erf(xt)�rf(xt)

i
= 0 and E

h
kerf(xt)�rf(xt)k2

i
 G2.
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E
h
kerf(xt)�rf(xt)k2

i
 G2.
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Then, for all �  2

`
, gradient descent run with constant stepsize ↵t = �

<latexit sha1_base64="e3WZxZn6CqvtdlgNAcz+sniEJ3g="></latexit>

stepsize ↵t = � satisfies
<latexit sha1_base64="p3ey4wEAQMmjxb6Is+qSSs36UZo=">AAACHXicbVDLSgNBEJz1bXxFPXoZDIKnsKsBvQiiF48KRoVsCL2T3mRwZneZ6RXjkh/x4q948aCIBy/i3zh5HHwVDBRV1fR0RZmSlnz/05uYnJqemZ2bLy0sLi2vlFfXLmyaG4F1karUXEVgUckE6yRJ4VVmEHSk8DK6Ph74lzdorEyTc+pl2NTQSWQsBZCTWuVaSHhLhSXMrLxD3uchqKwLLeIHPOyA1sBHEW7diI0l2n6rXPGr/hD8LwnGpMLGOG2V38N2KnKNCQkF1jYCP6NmAYakUNgvhbnFDMQ1dLDhaAIabbMYXtfnW05p8zg17iXEh+r3iQK0tT0duaQG6trf3kD8z2vkFO83C5lkOWEiRoviXHFK+aAq3pYGBameIyCMdH/logsGBLlCS66E4PfJf8nFTjXYre6c1SqHR+M65tgG22TbLGB77JCdsFNWZ4Lds0f2zF68B+/Je/XeRtEJbzyzzn7A+/gCa2eivA==</latexit>

E
⇥
kwt � w?k2

⇤
 (1� �µ)nkw0 � w?k2 + �G2

µ
.

<latexit sha1_base64="dWKx4PmseVIHCYysz18KLkUoB/U="></latexit>

The stepsize � plays a key role in this trade-o↵.
<latexit sha1_base64="NcOaQr77bkeA2TeHUr7YR86faDo="></latexit>

Exercise :

For a fixed number of iterations n, what � could help minimize the right-hand side of our convergence result ?
<latexit sha1_base64="tmpLJOXBPHN9aG1a/GmobKz6IUU="></latexit>

minimize the right-hand side of our convergence result ?
<latexit sha1_base64="LZqNXllKcxmKDPLZN9KTFH1QK0k=">AAACKHicbVDLSgMxFM34tr6qLt0Ei+DGMqOC7hTduFSwKrSlZDJ3OsE8huSOWId+jht/xY2IIm79EtPaha8DgcM595F74lwKh2H4HoyNT0xOTc/MVubmFxaXqssrF84UlkODG2nsVcwcSKGhgQIlXOUWmIolXMbXxwP/8gasE0afYy+HtmJdLVLBGXqpUz1oIdxiqYQWStwBxQyoFd0MtzKmE+pEAtSk1K+j3Gg/qQua+xJwhUR60O9Ua2E9HIL+JdGI1MgIp53qcysxvFCgkUvmXDMKc2yXzKLgEvqVVuEgZ/yadaHpqWYKXLscHtqnG15JaGqsfxrpUP3eUTLlXE/FvlIxzNxvbyD+5zULTPfbpdB5gf6+r0VpISkaOkiNJsICR9nzhHEr/F8pz5hlHH22FR9C9Pvkv+Riux7t1LfPdmuHR6M4ZsgaWSebJCJ75JCckFPSIJzck0fyQl6Dh+ApeAvev0rHglHPKvmB4OMTzy2nBA==</latexit>



IMPLEMENTATION


